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•�ÅL§�Ä�a.
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§3.1 ���ÅÅÅLLL§§§������µµµ

3Nõ¢S¯K¥, Ø=I�é�Åy��A½�m:

þ��g*	, �I��õg�ëYØä�*	, ±*	ï

Äé���mí£�üCL§.

~~~ 3.1.1 é,�¦�d�?1Tc�ëY*	, P¹

�

{Xt; 0 ≤ t ≤ T}:

~~~ 3.1.2 l,Ï>ÕÒ�òã*	{Y (t); 0 < t <

T} ¥, ïÄ´Ä�3,«�Å&ÒS(t).

~~~ 3.1.3 ifìþÂ�,<�{ÑP¹{Z(t)
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~~~ 3.1.4 �,«[ÿ+N��ê3ûã(t; t+ �t) S

�UO\, O\�êþ�t û��[ÿê¤�', �x0 =

x(0) > 0.

Proof (((½½½555eee������...µµµ �tû��[ÿê�x(t),

k

�x(t) =�x(t)�t; � > 0:

��t→ 0, ���µ
dx(t)

dt
=�x(t):

)�¢�ëY¼ê

x(t) = x(0) exp(�t):

���ÅÅÅeee������...µµµ �û�t [ÿê��ÅCþX(t),
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�(t; t+�t)SO\�[ÿê��tk'
�tÃ',3X(t) =

x ^�e, X(t+ t) C�x+ 1 ��VÇ�

P (X(t+ �t) = x+ 1|X(t) = x) =�x�t+ o(�t):

q�(t; t + �t) SO\Ø�uü�[ÿ�VÇ�o(t). �â

�VÇúª�±��µ

P (X(t+ �t) = x) = (1− �x�t)P (X(t) = x)

+�(x− 1)�tP (X(t) = x− 1) + o(�t):

Å���µ

P (X(t) = x) =Cx−x0

x−1 exp(−�x0t)(1− exp(−�t))x−x0; x ≥ x0:

555 1 (1) �(½5(JØÓ?3�½û�t ��Ñ(

½�[ÿê , �½t û��VÇ©ÙµP (X(t) = x).
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(2) [ÿ�êX(t)�ûmt�í£
UC, ´òx�Å

Cþ

§3.2 ÄÄÄ���VVVggg

½½½ÂÂÂ 3.2.1 ���ÅÅÅLLL§§§´VÇ�m(
;F ; P )þ�òx

�ÅCþ{X(t); t ∈ T}§Ù¥t´ëê§§áu,��I
8T, T¡�ëê8.

5µ

•�T = {0; 1; 2; · · · } �¡���ÅS�½�mS�.

•�ÅL§{X(t; !); t ∈ T; ! ∈ 
}´½Â3T × 
þ��

�¼ê.

½½½ÂÂÂ 3.2.2 ^E L«�ÅL§���, ¡E �L§�
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G��m.

~~~ 3.2.3 �(
;F ; P ) ´éAu�þ!M1�VÇ�

m:


 = {!1; !2}; {!1} = {head}; {!2} = {tail}:

âNg�M1ÕáÁ�, Ú\�ÅCþ(! = (!1; · · · ; !t; · · ·!N))

X(t; !) =

(
0; !t = !1

1; !t = !2:

KX(t)´ò�ÅL§. Ùëê8T = {0; 1; 2; · · · }, G��

mE = {0; 1}.

½½½ÂÂÂ 3.2.4 ���ÅÅÅLLL§§§���nnn))) ¡ T × 
 = {(t; !) :

t ∈
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�ÅL§�w¤½Â3È8 T × 
þ���¼ê.

•��½t ∈ T , Xt(!) = X(t; !)´ò��ÅCþ.

•��½! , ä�t ∈ T �¼ê§ X(t; !)´ò�½Â3Tþ

�ÊÏ¢�¼ê"
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½½½ÂÂÂ 3.2.5 ézò�½! ∈ 
 §¡Xt(!)´�ÅL§

{X(t; !); t ∈ T}�ò���¼ê, ½K;�§´»§¢y"

~~~ 3.2.6 |^�M1�Á�½Âò��ÅL§

X(t) =

(
cos(�t);Ñy�¡

2t; Ñy�¡

�Ñy��¡�VÇ�Ó, �ÑX(t)�¤k��¼ê.

Proof Pµ

!1 = {Ñy�¡}; !2 = {Ñy�¡}:

KX(t)�¤ky¢�

X(!1; t) = cos(�t); X(!2; t) = 2t:
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���ÅÅÅLLL§§§���©©©aaa:

£1¤X(t)L«XÚ3��t¤?�G�.

£2¤X(t)�¤k�UG��¤�8Ü�G��m§P�S.

£3¤�ìG��m�©�ëYG�ÚlÑG�¶

£4¤�ìëê8§�©�lÑëêL§ÚëYëêL§.

5µ��XJØ�`²Ñ@�G��m´¢ê8R½R�
f8.
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~~~ 3.2.7 £�ÅiÄ¤�áÄÇ3´þ1r§±V

Çpc?�Ú§±VÇ1 − p�ò�Ú£b½ÙÚ��Ó¤.

±X(t)P¦3´þ� �§KX(t)Ò´��þ��ÅiÄ.

~~~ 3.2.8 (Brown$Ä) =I�ÔÆ[Brown5¿�

£23ó¡þ���âfØä?1Ã5K�$Ä, ù«$

Ä�5¡�Brown$Ä. §´©f�þ�Å-E�(J.e

P(X(t); Y (t))�âf3²¡ãIþ� �§K§´²¡þ

�Brown$Ä.

~~~ 3.2.9 £üè�.¤��5�ÑÖÕá¦ÑÖ. �

ÑÖÕ¥�ÑÖ
Ña²§=ÑÖ
Ñ3�O���Ñ

Öû§5����Òáüè�ÿ. ����5!z���

¤I�ÑÖûmÑ´�Å�§¤±XJ^X(t)L«tû�

�è�§^ Y (t)L«tû��5���¤I���ûm§
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K{X(t); t ∈ T}; {Y (t); t ∈ T}Ñ´�ÅL§.

§3.3 kkk������©©©ÙÙÙ���Kolmogorov½½½nnn

½½½ÂÂÂ 3.3.1 �ÅL§X = {X(t); t ∈ T}§ét ∈ T ,

F (t;x) := P (X(t) < x); x ∈ R

��ÅCþX(t)�©Ù¼ê, ¡�L§X�ò�©Ù¼ê.

é?¿s; t ∈ R, ���ÅCþ(X(s); X(t)) éÜ©Ù¼ê

F (s; t;x; y) := P (X(s) < x;X(t) < y):

¡��ÅL§X���©Ù¼ê"

½½½ÂÂÂ 3.3.2 é?¿k��t1; · · · ; tn ∈ T§½Â�ÅL
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§�n�©Ù Ft1;··· ;tn(x1; · · · ; xn)µ

Ft1;··· ;tn(x1; · · · ; xn) = P (X(t1) < x1; · · · ; X(tn) < xn):

�ÅL§�¤k�ò�©Ù§��©Ù§· · · ; n�©Ù��
��N

{Ft1;··· ;tn(x1; · · · ; xn); t1; · · · ; tn ∈ T; n ≥ 1}

¡��ÅL§{X(t); t ∈ T}�k�©Ùx.

5µ��
�ÅL§�k��©ÙÒ��
{X(t); t ∈
T}¥?¿ná�ÅCþ�éÜ©Ù. �ÒÝº
ù
�ÅC

þ�m��p�6'X.
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©©©ÙÙÙxxx���555���:

(1) é¡5

é (1; 2; · · · ; n)�?�ü�(j1; j2; · · · ; jn)§k

Ftj1;··· ;tjn(xj1; · · · ; xjn)
=P (X(tj1) < xj1; · · · ; X(tjn) < xjn)

=P (X(t1) < xt1; · · · ; X(tn) < xtn)

=Ft1;··· ;tn(x1; · · · ; xn):

(2) �N5

éu m < n§k

Ft1;··· ;tm;tm+1;···tn(x1; · · · ; xm;∞; · · · ;∞) = Ft1;··· ;tm(x1; · · · ; xm):
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½½½nnn 3.3.3 �©Ù¼êx{
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¼ê

X(t; !1) = 2 cos(t); X(t; !2) = −2 cos(t); t ∈ R:

�µP (!1) = 2=3; P (!2) = 1=3:

¦µ

•ò�©Ù¼êF (0; x) ÚF (�=4; x);

•��©Ù¼êF (0; �=4;x; y):

Proof ´�µ

X(0) =

(
2; 2

3

−2; 1
3

X(
�

4
) =

( √
2; 2

3

−
√

2; 1
3

Óû�±��X(0); X(�=4)�éÜ©Ù

(X(0); X(�=4)) =

(
(2;
√

2); 2
3

(−2;−
√

2); 1
3
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Question: X(0); X(�=4) �pÕáíºº

~~~ 3.3.5 ��ÅL§

X(t) = A cos(�); t ∈ R

Ù¥k´�~ê, �ÅCþA���pÕá, A ∼ U(0; 1),

� ∼ U(−�; �). Á¦L§�ò�VÇ�Ý

Proof Äk� Y (t) = a cos(�), Ù¥a�~ê§´

¦�Y (t)�ò�VÇ�Ý¼ê�

fY (y) =

8<:
1

�
√
a2−y2

; |y| < a

0; others:

5¿�µY (t) = X(t)|A=a, d�VÇúªÚÕá5§�±�
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�µ

fX(t;x) =

Z ∞
−∞

fX|A(x|a)dFA(a) =

Z 1

0

fX|A(x|a)da

=

Z 1

x

1

�
√
a2 − x2

da = −
1

�
log(

x
√

1− x2 + 1
):
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���ÅÅÅLLL§§§���êêêiiiAAA���

½½½ÂÂÂ 3.3.6 L§{X(t); t ∈ T}�n�A�¼ê½Â�

 (t1; t2; · · · ; tn; �1; �2; · · · ; �n)
E (exp(i(�1X(t1) + �2X(t2) + · · · �nX(tn))))

¡{ (t1; t2; · · · ; tn; �1; �2; · · · ; �n); t1; t2; · · · tn; n ≥ 1}�X
�k��A�¼êx.

½½½ÂÂÂ 3.3.7 �{X(t); t ∈ T}´ò�ÅL§.

(1) ¡X(t)�Ï" mX(t) = E[X(t)]�L§�þ�¼

ê(XJ�3�{).

(2)XJ∀t ∈ T;E[X2(t)]�3§K¡�ÅL§{X(t); t ∈
T} ���ÝL§.

dû§¡¼ê
(t1; t2) = E[(X(t1)−mX(t1))(X(t2)−mX(t2))];
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t1; t2 ∈ T �L§����������¼¼¼êêê¶¡V ar[X(t)] = 
(t; t)�

L§���¼ê¶¡RX(s; t) = E[X(s)X(t)]; s; t ∈ T �
ggg���'''¼¼¼êêê.

dSchwartzØ�ª�§��ÝL§����¼êÚg�

'¼ê�3§�k 
X(s; t) = RX(s; t)−mX(s)mX(t):

~~~ 3.3.8 �p; q´ü��ÅCþ, �¤�ÅL§

X(t) = p+ qt; t ∈ T

þ�¼ê�µm(t) = E[X(t)] = E(p) + tE(q). g�'¼

ê�

R(s; t) =E[(p+ qs)(p+ qt)]

=E(p2) + E(pq)(s+ t) + E(q2)st:



22/57

‖J I‖

J I

GoBack

FullScreen

Close

Quit

~~~ 3.3.9 |^�M1�Á�½Âò��ÅL§

X(t) =

(
cos(�t); !1

2t; !2:

¦TL§�þ�¼ê, ��¼ê, �'¼ê, ���¼ê.

Proof Ïé?¿¢êt ∈ R, kµ

X(t) =

(
cos(�t); 1

2

2t; 1
2
:
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mX(t) =E(X(t)) =
1

2
cos(�t) + t

E(X2(t)) =
1

2
cos2(�t) + 2t2

DX(t) =

�
1

2
cos(�t)− t

�2

R(s; t) =E(X(s)X(t)) =
1

2
cos(�t) cos(�s) +

1

2
∗ 2t ∗ 2s

=
1

2
cos(�t) cos(�s) + 2ts:

~~~ 3.3.10 ��ÅL§

X(t) =A cos(�t+ �)

Ù¥�´�~ê, �ÅCþA���pÕá, A ∼ N(0; 1);� ∼
U(0; 2�). Á¦L§�þ�¼êÚ�'¼ê.
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Proof

mX(t) =E(X(t)) = E(A cos(�t+ �))

=E(A)E(cos(�t+ �)) = 0:

R(s; t) =E(X(s)X(t))

=E(A2 cos(�t+ �) cos(�s+ �))

=
1

2
cos(�(t− s)):

~~~ 3.3.11 X(t) = X0 + tV; a ≤ t ≤ b, Ù¥X0ÚV´

�pÕá�ÑlN(0; 1)©Ù��ÅCþ.

5µ´�X(t)Ñl��©Ù§�X(t1); · · · ; X(tn)�´n�

��©Ù. ¤±����§���ÝÚ��ÝÒ��(½
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§�©Ù.

mX(t) = E[X(t)] = E(X0 + tV ) = EX0 + tEV = 0

R(t1; t2) = E[X(t1)X(t2)] = E[(X0 + t1V )(X0 + t2V )]

= E[X2
0 ] + t1t2E[V 2] = 1 + t1t2:
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§3.4 EEE���ÅÅÅLLL§§§£££


)))SSSNNN¤¤¤

½½½ÂÂÂ 3.4.1 �XÚY�ü�¢��ÅL§§¡

Z(t) = X(t) + iY (t); i =
√
−1:

�E�ÅL§"Ùþ�¼ê�

mZ(t) =E[X(t)] + iE[Y (t)]:

��¼ê�µ

DZ(t) =E (Z(t)−mZ(t))2 = DX(t) +DY (t):

g�'Xê�µ

RZ(s; t) =E
�
Z(s)Z(t)

�
:
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§3.5 ���ÅÅÅLLL§§§���ÄÄÄ���aaa...

§3.5.1 ²²²­­­LLL§§§

½½½ÂÂÂ 3.5.1 XJ�ÅL§{X(t); t ∈ T}é?¿�t1; · · · ; tn ∈
TÚ?¿�h(¦�ti + h ∈ T )k§
(X(t1 + h); · · · ; X(tn + h))�+ h97 
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sk'§K¡{X(t); t ∈ T}�°°°²²²­­­LLL§§§½������²²²­­­LLL§§§.

5µ

•éu°²­L§§du
(s; t) = 
(0; t− s); s; t ∈ R§�
P�
(t− s);
• 
(t)�ó¼ê§�
(0) = var(X(t)), |
(�)| ≤ 
(0);

• 
(�)äk�K½5§=é?¿û�tkÚ¢êak; k = 1; 2; · · · ; N§
k

NX
i=1

NX
j=1

aiaj
(ti − tj) ≥ 0:

�ëêt=��ê�0;±1;±2 · · ·½ 0; 1; 2 · · ·û§¡²
­L§�²­S�.

~~~ 3.5.4 (²­xD(S�¤ �{Xn; n = 0; 1; · · · }�
��üüpØ�'��ÅCþS�§÷vEXn = 0; n =
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0; 1; 2 · · · , �

EXmXn =

(
0 ; �m 6= n

�2; �m = n

KxD(S�{Xn; n = 0; 1; · · · }�²­�. ù´Ï����

¼êcov(Xn; Xm) = E(XnXm)��m− nk'.

~~~ 3.5.5 (wÄ²þS�¤�{"n; n = 0;±1;±2; · · · }�
��pØ�'��k�Óþ�mÚ���2��ÅCþS�.

�a1; a2; · · · ; ak�?¿ká¢ê. �ÄXe½ÂS��²­

5:

Xn = a1"n + a2"n−1 + · · ·+ ak"n−k+1; n = 0;±1;±2; · · ·

N´wÑ

EXn = m(a1 + · · ·+ ak):
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-�j = "j −m,Kd"j�üüpØ�'5�, ���¼ê


(n+�; n) = E[(Xn−m(a1+· · ·+ak))(Xn+�−m(a1+· · ·+ak))]

= E[(a1�n+· · ·+ak�n−k+1)(a1�n+�+· · ·+ak�n+�−k+1)]

=

(
�2(a�+1a1 + · · ·+ akak−�); e0 ≤ � ≤ k − 1;

0; e� ≥ k;
=���¼ê=�ûmmÖ�k'. �{Xn; n = 0;±1; · · · }�

²­S�.
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�ÄXeüáAÏ²­L§µ

�{Xn; n ≥ 0}�ÕáÓ©Ù�ÅCþS�§ E[X2
n] <

∞; E[Xn] = m;n = 0; 1; 2; · · · .
{Yn = Y; n ≥ 0}§Ù¥Y´�ÅCþ§E[Y 2] <∞.

�±^ùüáL§5�ãØÓ²­L§�m��É.é

L§{Xn}
ó§d�ê½Æ�§
1

n
(X0 +X1 + · · ·+Xn−1)

±VÇ1Âñu~êm.�éuL§{Yn}
ó
1

n
(Y0 + Y1 + · · ·+ Yn−1) = Y

=²éûm�²þ�§�Å5vu)?ÛUC.u´g,�

)ù��¯Kµ3Û«^�e§²­L§éûm�²þ��

±�uL§�þ�º→ H{5½n"
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§3.5.2 ÕÕÕáááOOOþþþLLL§§§

�!ÕáL§

½½½ÂÂÂ 3.5.6 ½Âé?¿���ên9?¿�t1; t2; · · · ; tn ∈
T�ÅCþx(t1); x(t2); · · · ; x(tn)�pÕá§¡

{x(t); t ∈ T}

�ÕáL§"

5µÕá�ÅL§�k��©Ùd��©Ù(½

Fn(t1; · · · ; tn;x1; · · · ; xn) = �n
k=1Fk(tk; xk)

~~~ 3.5.7 pdxD(: ¢�ûmS�{x(n); n ∈ N}�

E{x(n)} = 0; D[(x(n))] = �2
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g�'¼ê�

R(m;n) =

(
0; m 6= n;

�2;m = n:

XJüüS�Ø�'§K¡{x(n); n ∈ N}�lÑxD((S

�)"

qex(n)ÑÑl��©Ù,¡{x(n); n ∈ N} ´pdxD(
S�. éun����ÅCþk�pÕá⇔Ø�'�pdx
D(S�´ÕáûmS�"

½½½ÂÂÂ 3.5.8 XJé?Ût1; t2; · · · tn ∈ T; t1 < t2 <

· · · < tn�ÅCþX(t2) −X(t1); · · · ; X(tn) −X(tn−1)´�

pÕá�§K¡X(t)� ÕáOþL§ XJé?Û t1; t2,

kX(t1 + h)−X(t1)
d
= X(t2 + h)−X(t2), K¡{X(t); t ∈

T}�´ ²­OþL§ okÕáOþÚ²­Oþ�L§¡
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�²­ÕÕ ­
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dd��

E{eia[X(t+s)−X(s)]} =  X(t)(a) = E[eiaX(t)]

=TL§äk²­�Oþ"

5µ²­ÕáOþL§�þ�¼ê´ûmt��5¼ê"

��§�¡ò�0��PoissonL§ÚBrown$ÄÑ´ùa 22.931 0 Td [(�)]97.
931 0 Td [82 21.9997 .9997 Tf 22.931 0 Td [(a 22.931 0 Td [64444444444444444444444444444444440 Td [82 21.9997 .9997 Tf TdTf 202 02 21.9997 Tf 22.931 0 Td [dTf 202 02 4Td [(�)]97.
931 0 T43(L)]TJ/F191 21.9997 Tf 22 0 Td [(§)]TJ/F187 21.9997 95 22 0 Td [(§)]TJ/F187 21.9997 7f 22 0 Td [(ä)]TJ/F171 21.9997 7f 21.999 0 Td [(þ)]TJ/F213021.9997 Tf 22.309 0 Td [TJ/F191 21.9997 Tf 22 0 Td [(§)]TJ/F187 21.9997 Tf 22.931 0 Td [dTf 202 21.9997 Tf 21.999 0 Td [(�)]TJ/F123301.9997 Tf 22.309 0 Td [7)]TJ/F187 21.9997 Tf 22 0 Td [(�)]TJ/F182 21.9997 Tf 22.931 0 Td [dTf 202 02 41.9997 Tf 22.931 0 Td [(µ)]TJ/F190541.9997 Tf -197.997 -4 [7
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Proof éu?¿�n1; n2; · · ·nm

Y (n2)− Y (n1) =
n2X
k=0

X(k)−
n1X
k=0

X(k)

=X(n1 + 1) + · · ·+X(n2):

Y (n3)− Y (n2) =
n3X
k=0

X(k)−
n2X
k=0

X(k)

=X(n2 + 1) + · · ·+X(n3):

...

Y (nm)− Y (nm−1) =
nnX
k=0

X(k)−
nm−1X
k=0

X(k)

=X(nm−1 + 1) + · · ·+X(nm):

Ï�X(n); n = 1; 2; · · · �pÕá§¤±{Y (n); n ∈ N+}
´ÕáOþL§"
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ÕÕÕááá²²²­­­OOOþþþLLL§§§���555���

ÚÚÚnnn 3.5.11 XJ{X(t); t ≥ 0}´²­ÕáOþL§,

X(0) = 0, K

•þ�¼ê m(t) = kt, Ù¥k�ò~ê"

•��¼ê D(t) = �2t.

•���¼ê C(s; t) = �2 min(s; t).

Proof Ïþ�¼êÚ��¼ê÷v

m(s+ t) =m(s) +m(t)

D(s+ t) =D(s) +D(t):

dd���µm(t) = kt ÚD(t) = �2t"XJs < t, �±�
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�µ

C(s; t) =E(X(t)−m(t))(X(s)−m(s))

=E(X(t)X(s))−m(t)m(s)

=E(X(t)−X(s) +X(s))X(s)− k2ts

=E(X(t)−X(s)) ∗ EX(s) + EX(s)2 − k2ts

= k(t− s) ∗ ks+ �2s− k2ts = �2s:

ÚÚÚnnn 3.5.12 ÕáOþL§�k��©Ùdò�©Ù

ÚOþ�©Ù(½.

Proof éuÕáOþL§{X(t); t ≥ 0}, ?�t1 <
t2 < · · · tn, -

Y1 = X(t1); Y2 = X(t2)−X(t1); · · · ; Yn = X(tn)−X(tn−1):

�pÕá5, âd|^A�¼ê{�y²(Ø.
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§3.6 ������©©©ÙÙÙ

3y¢¯K¥, ÷v�½^���ÅCþ�Ú�4�Ñ

l��©Ù. �¦�dÇ´¯õÝ]ö��pä^/¤�,

��±b�Ñl��©Ù. du�á�ÅL§�±^k��

©Ù5£ã, �ïÄ��L§AÄkïÄõ���©Ù�Å

Cþ.
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õõõ������������ÅÅÅCCCþþþ

VVVÇÇÇ���ÝÝÝ���AAA���¼¼¼êêê

e(X;Y ) ∼ N(�1; �2
1;�2; �2

2; �). Pµ

E

"
X

Y

#
=

"
E[X]

E[Y ]

#
=

"
�1

�2

#
= �:

B=

"
�2

1 ��1�2

��1�2 �2
2

#
KZ := (X;Y )éÜVÇ�Ý�

 (x; y) =
1

2��1�2

p
1− �2

∗

exp {
−1

2(1− �2)

�
(x− �1)2

�2
1

− 2�
x− �1

�1

x− �2

�2
+

(y − �1)2

�2
2

�
}

=
1

2�|B|1=2
exp {−

1

2
(Z − �)TB−1(Z − �)}:
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½½½ÂÂÂ 3.6.1 �B = (bij) ´n ��½é¡Ý
, � ´n

�¢���þ, ½Ân��Å�þ

Z = (X1; X2; · · · ; Xn)

�éÜ�Ý¼ê�

f(x1; x2; · · · ; xn) =
1

2�|B|1=2
exp {−

1

2
(X − �)TB−1(X − �)}:

Ù¥§X = (x1; x2; · · · ; xn), ¡ZÑln���©Ù.

�B = (bij) ´n ��½é¡Ý
, k|B| 6= 0. X

J|B| = 0, KØU|^þª5O�VÇ�Ý¼ê"

½½½nnn 3.6.2 n���©Ù�Å�þX = (X1; X2; · · · ; Xn)�

A�¼ê�

 (t) = exp{i�T t−
1

2
tTBt}; (3.6.1)
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Ù¥§t = (t1; t2; · · · ; tn).

½½½ÂÂÂ 3.6.3 e�´n �¢�þ, B´n��K½é¡
,

¡±ª(3.6.1)¥� (t)�ÙA�¼ê�n��ÅCþ XÑ

ln���©Ù.
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>�©Ù9��Ý

±eob½�Å�þX = (X1; X2; · · · ; Xn)ÑlN(�;B).

½½½nnn 3.6.4 n���©Ù�ÅCþ�?òf�þ

(Xk1; Xk2; · · · ; Xkm); m ≤ n

èÑl��©ÙN(e�; eB), Ù¥e� = (�k1; �k2; · · · ; �km). eB´B�
31k1; k2; · · · kn1Ú�¤���m�Ý
"
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õ���©Ù�>�©ÙE´��©Ù

½½½nnn 3.6.5 �� Ú B©O´�Å�þX�êÆÏ"9

���Ý
, =

E(Xi) =�i; 1 ≤ i ≤ n
bij =E(Xi − �i)(Xj − �j):

½½½nnn 3.6.6 n���©Ù�Å�þX = (X1; X2; · · · ; Xn)

�pÕá�¿á^�´§�üüØ�'.
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���Å�þ��5C�

Ñl��©Ù��Å�þ3�5C�eäk�
AÏ5

�§ké��nØd��¢^d�"

�x = (x1; x2; · · · ; xn)� ,PE(x) = �, ���Ý
�B;X �

©þ��5|Ü

Y = �n
j=1ljxj = L�X;L� = (l1; l2; · · · ; ln)

Kk§

E(y) = �n
j=1lj�j = L��;

D(y) = �n
j=1�

n
k=1ljlkbjk = L�BL;

eC = (cjk)m∗n; Z = CX; K

E(Z) = E(CX) = CE(X) = C�;D(Z) = CBC�

½½½nnn 3.6.7 x = (x1; x2; · · · ; xn)� Ñln���©
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ÙN(�;B)�¿á^�´§�?Ûò��"�5|Ü

�n
j=1ljXj;

Ñlò���©Ù"

Ïd§�ÏLïÄ����©Ù5ïÄõ����ÅC

þ"

½½½nnn 3.6.8 ex = (x1; x2; · · · ; xn)�Ñln���©
ÙN(�;B); C = (cjk)m∗n ´?¿Ý
,KY = CXÑlm�

��©ÙN = (C�;CBC�).
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Proof éu?¿m�¢���þt,Y�A�¼ê�

’y(t) =E(eit
�y) = E(eit

�Cx) = E(ei(C
�t)�x)

= exp{i��(C�t) −
1

2
(C�t)�B(C�t)}

= exp{i(C�)�t−
1

2
t�(CBC�)t}

=�Å�þY = CX Ñlm���©ÙN = (C�;CBC�)

¯̄̄KKKºººUUUÄÄÄ���yyyY = CX ÑÑÑlll(���òòòzzz)������©©©ÙÙÙ?

• 1) �|CBC� | 6= 0 û,�Å�þYÑl��©Ù(�òz),

l
�òz��©Ù�Å�þX�÷��5C�EÑl

�òz��©Ù.

• 2) ��ØU�y(Ø¤á.

~~~ 3.6.9 ��ÅCþx0�v�pÕá,ÑÑlIO��
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©ÙN(0; 1), -

x1 = x0 + v; x2 = x0 + 2v; x3 = x0 + 3v;

¯: (x1; x2; x3)´Ä�òz��©Ùº

Proof

x =

2664
x1

x2

x3

3775 =

2664
1; 1

1; 2

1; 3

3775
"
x0

v

#
= C

"
x0

v

#

Ï "
x0

v

#
∼ N

  
0

0

!
;

 
1 0

0 1

!!
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x����Ý
�

CBC� = C

 
1 0

0 1

!
C� =

2664
1 1

1 2

1 3

3775
"

1 1 1

1 2 3

#

|CBC� | =

��������
2 3 4

3 5 7

4 7 10

�������� = 0

x = (x1; x2; x3)Ø´(�òz)��©Ù.

��, ���pÕá���Å�þ��5C�Ø´n�(n >

2)�òz��©Ù.

íííØØØ 3.6.10 e�Å�þXÑlN(�;B),K�3ò�

��C�U ,¦�Y = UX ´ò�äkÕá��©Ù©þ�

�Å�þ.
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Proof ¢é¡Ý
B,�3��
U ,¦UBU � = D,

D =

0BBBB@
d1

d2

. . .

dn

1CCCCA
di´B�A��þ. eB´�½
£l
�ÛÉ�¤⇒Bkná

�5Ã'A��þ. �U´±A��þ���¤���


,-Y = UXK�y.
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§3.6.1 ���������ÅÅÅLLL§§§

½½½ÂÂÂ 3.6.11 �ÅL§{x(t); t ∈ T}¡���L§,X

J§�?¿k��©ÙÑ´��©Ù.

555µµµ

• 1)þãAá½nþ�A^u��L§.

• 2) ��L§´��ÝL§,¿�§�n �©ÙdÙc��

Ý��(½.

é?¿�n ≥ 1; t1; t2; · · · ; tn ∈ T;

(X(t1); · · · ; X(tn))
� ∼ N(�;B);
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� =

266664
m(t1)

m(t2)

· · ·
m(tn)

377775 ; B =

266664
C(t1; t1) C(t1; t2) · · · C(t1; tn)

C(t2; t1) C(t2; t2) · · · C(t2; tn)

· · · · · · · · · · · ·
C(tn; t1)C(tn; t2) · · · C(tn; tn)

377775
C(ti; tj) = E{[X(ti)−m(ti)][[X(tj)−m(tj)]}

(1 ≤ i; j ≤ n)

• 3¤�ÅL§{X(t); t ∈ T},e�3n,ét1; t2; · · · ; tn ∈
T ,n ��ÅCþ(X(t1); · · · ; X(tn))Ñlòz��©Ù,

¡{X(t); t ∈ T}�òz��L§.

~~~ 3.6.12 �Å&Ò
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�

X(t) = � cos!t+ �
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Ï E(��) = 0 �

R(s; t) =E{(� cos!t+ � sin!t)(� cos!s+ � sin!s)}
=E(�2) cos!t cos!s+ E(�2) sin!t sin!s

=�2 cos!(s− t) = �2 cos(!�); (� = s− t):

dd��µ

⇒ D(X(t)) = R(t; t) = �2 cos 0 = �2:

• 2) X(t)����Ý�

f(x; t) =
1

√
2��

e−
x2

2�2 ; x ∈ R

X(ti)´�pÕá���ÅCþ��5|Ü,�(X(t1); X(t2))Ñ

l����©Ù,Ù�'Xê�

� =
R(s; t)−m(s)m(t)p
R(S; S)

p
R(t; t)

=
�2 cos!�

�2
= cos!�
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�L§X(t)����Ý�

f(x1; x2; s; t) =
1

2��2
√

1− cos2 !�
e
x2

1−2x1x2 cos!�+x2
2

2�2(1−cos2 !�) ;

Ù¥§ (x; y) ∈ R2:

=�� = s− tk'.

¯̄̄KKK :UUUÄÄÄ���ÑÑÑdddLLL§§§���n���VVVÇÇÇ���ÝÝÝººº

�y²µéu?¿�n,n ≥ 3?¿�t1; t2; · · · ; tn,
(X(t1); X(t2); · · · ; X(tn))ØÑln���©Ù.
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¢¢¢SSSAAA^̂̂µµµ

N��y�ÅL§X(t) = {X(t); t ∈ T}´���ÅL§º
?�n ≥ 1, 9t1; t2; · · · ; tn ∈ T;P

X = (X(t1); · · · ; X(tn));

�{Ú½Xeµ

• 1) O�X�n����Ý
B¶
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• 4) -Y = UX,Y����Ý
�D¶

¡òX��'5

• 5) u�Y = (Y1; Y2; · · · ; Yn)�Õá5¶
�ÅL§ÚOíä¯K

• 6) u�Y���©Ù���5.

(((ØØØµµµ

eu��Y = (Y1; Y2; · · · ; Yn)´�pÕá����ÅCþ§
⇒ X = U−1Y´ n ����ÅCþ, =Xt = {X(t); t ∈
T}´���ÅL§.

ggg���

• 1) �±þ�{�ÑnØ�â;

• 2) \U�Ä^Ù¦�{�yí?


