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§6.1 ÄÄÄ���VVVggg

záÙÆög,ÑéU¦¦3�X�ÙÆ�¼�Ï"Â

Ã���üÑa,�.,
3êÆþ�±y²§3/ú²0�

Æâ¥§´vkù��ÙÆüÑ�.

b��áÙÆö�3?1�X�ÙÆ§zgÙÆÑI�

VÇÑ´1
2
. -{Yn; n = 1; 2; · · · }, ´��ÕáÓ©Ù�ëÅ

Cþ§L«zgÙÆ�(J

P{Yn = 1} = P{Yn = −1} =
1

2

ùp{Yn = 1} ({Yn = −1})L«ÙÆö31ngÙÆ��
I(Ñ).
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XJÙÆöæ^�ÙÆüÑ(=¤eÙ5)�6uc¡�

ÙÆ(J§@o¦�ÙÆ�±^e¡�ëÅCþS�

bn = bn(Y1; · · · ; Yn−1); n = 2; 3; · · ·

£ã§Ù¥bn < ∞´1ng�Ù5§eÙIK¼|bn§ÄK
ÑKbn.

�X0´TÙÆö�Ð©Ù]§K

Xn = X0 +
n∑
i=1

biYi (6.1.1)

´¦31ngÙÆ��Ù].�±äó

E[Xn+1|Y1; · · · ; Yn] = Xn:

¯¢þ§dª(6.1.1)·��±��

Xn+1 = Xn + bn+1Yn+1;
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Ïd

E[Xn+1|Y1; · · · ; Yn] =E[Xn|Y1; · · · ; Yn] + E[bn+1Yn+1|Y1; · · · ; Yn]
=Xn + bn+1E[Yn+1|Y1; · · · ; Yn]

(Ï�Xn�bn+1dY1; · · · ; Yn(½)

=Xn + bn+1E[Yn+1]

(Ï�{Yn}´ÕáëÅCþS�)

=Xn (Ï� E[Yn+1] = 0; ∀n ≥ 0)

ùy²
§XJzgÙÆ�ÑIÅ¬´þ��§¿�ÙÆü

Ñ´�6uc¡�ÙÆ(J§KÙÆ´/ú²�0. Ïd?

ÛÙÆöÑØ�Uòú²�ÙÆÏLUCÙÆüÑ¦�ÙÆ

C¤k|ugC�ÙÆ.
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���*��¿Â

�£ã�´/ú²0�ÙÆ§e�Úþ�©O£ã


/k|0ÙÆ�/Ø|0ÙÆ. e¡·�½Â'u��ê��.

�6 Filtration

•â½���mΩÚ�m�I8T , e�3�x�-�ê {Ft :

t ∈ T} ¦�é?¿� 0 ≤ s < t Ñk Fs ⊂ Ft, K¡
{Ft : t ∈ T} � Ωþ��á �6 (filtration).

•éuVÇ�m(Ω;F ; P ), ÚΩþ��á�6{Ft}t∈T , K¡

o�| (Ω;F ; {Ft}t∈T ; P ) ��á��6�VÇ�m§½

öLÈ� (filtered probability space) VÇ�m"

•�6�Vg�±Ä�/�xëÅL§��ÿ5Ú&E4

O§��¡�^�Ï"�½Â�ÐO�"

•g�µ��6�VÇ�m�Ü6º
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·AL§£adapted process¤

•â½�á��6�VÇ�m (Ω;F ; {Ft}t∈T ; P ). XJ�

áëÅL§{Xt}t∈T ÷vé?¿�t ∈ TÑk

Xt ∈ Ft; ½=Xt´Ft�ÿ�§½P� �(Xt) ⊂ Ft;

K¡{Xt}�'u�6{Ft}t∈T ···AAA��� (adapted) L§"

•·AL§3z��m?Ñ�±d�c®�&E5£ã

£
Ø´â½¤"

•��§¥�7KëÅL§£]�dÇ!Ý]|ÜÞ��¤

Ñ´·A�"
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��L§£predictable process¤

•â½�á��6�VÇ�m (Ω;F ; {Fn}n=0;1;··· ;N ; P ). X

J�áëÅL§{Xn}n=0;1;··· ;N ÷vé?¿�nÑk

Xn ∈ Fn−1; ½=Xn´Fn−1�ÿ� ;

K¡{Xn}�'u�6{Fn}n=0;1;··· ;N ������ (predictable)

L§"

•��L§3z��m?Ñ�±dc�Ï&E5£ã£


Ø´â½¤"

•3lÑ�mµee§·�?Ø�üÑÑ´���"
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£££ÁÁÁ^̂̂���êêêÆÆÆÏÏÏ"""���555���

½½½nnn 6.1.1 eX���ÅCþ§G��−ìê"Kµ

(1) E[E[X|G]] = E[X].

(2) eX´G�ÿ§KE[X|G] = X; a:s:.

(3) �G = {∅;Ω}§KE[X|G] = E[X]; a:s:.

(7) |E[X|G]| ≤ E[|X||G]; a:s:.

(9) �X9XY�Ï"�3§�Y�G�ÿ§K

E[XY |G] = Y E[X|G]; a:s:

(10) eX�G�pÕá(=�(X)�G�pÕá)§Kk

E[X|G] = E[X]; a:s:

(11) eG1,G2 ´ü�f�ìê§¦�G1 ⊂ G2 ⊂ F, K

E[E[X|G2]|G1] = E[X|G1]; a:s:
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½½½ÂÂÂ 6.1.2 �{Fn; n ≥ 0}´�áF¥�üN4O�
f��ê�. ëÅL§{Xn; n ≥ 0}¡�'u{Fn; n ≥ 0}�
���§XJµ

• {Xn}´{Fn} ·A�
• E[|Xn|] <∞
•¿�∀n ≥ 0§k

E[Xn+1|Fn] = Xn (6.1.2)

•·A�{Xn;Fn; n ≥ 0}¡� eee���§XJ∀n ≥ 0,

E[X+
n ] <∞ � E[Xn+1|Fn] ≥ Xn (6.1.3)

•þþþ����±aq½Â.

3âÑ~f�c§kâÑd½Â��íÑ�·K.
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···KKK 6.1.3 (1) ·A�{Xn;Fn; n ≥ 0}´e���=

� {−Xn;Fn; n ≥ 0}´þ�.

(2) XJ{Xn;Fn}, {Yn;Fn}´üáe�§ a; b ´üá

�~ê, K{aXn + bYn;Fn}´e�.

(3) XJ{Xn;Fn}, {Yn;Fn}´üáe�(½þ�)§K

{max(Xn; Yn);Fn} ({min(Xn; Yn);Fn}) ´e�(þ�).

y²´{ü�§3�SK.

e±XnL«�áÙÆö31ngÙÆ�¤k�Ù].

ª(6.1.2)L«µ²þ
ó¦3e�gÙÆ(å��Ù]ò�

uy��Ù]§�¦L�ÙÆ�ÑIÃ'.ù�Ò´`�ä

k�«/Ã��50§Ó�ùNy��´Æâ�ú².
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~~~ 6.1.4 �X1; X2; · · ·´�xÕáëÅCþS�§�E[|Xi|] <
∞, -S0 = 0; Sn =

∑n
k=1Xk§Kµ

(a) eéu¤k�n, E(Xn) = 0, K{Sn}´('uFn =

�(X1; X2; · · · ; Xn))��.

(b)eE(Xk) = � 6= 0§K{Mn = Sn−n�}´('u{Fn}�)�.

y²µ(a)�E[Xk] = 0; (k = 1; 2; · · · )�§´�Sn´Fn�
ÿ�§
�E[|Sn|] ≤

∑n
i=1E[|Xi|] <∞§u´

E[Sn+1|Fn] =E[X1 +X2 + · · ·+Xn+1|Fn]
=E[X1 + · · ·+Xn|Fn] + E[Xn+1|Fn]
=Sn

l
{Sn}´�á'u{Fn}��. Ón�±y²(b).
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~~~ 6.1.5 3~6.1.4¥�E[Xk] = � 6= 0; E[|Xk|] <
∞; (k = 1; 2; · · · )§KkE[|Sn|] <∞§

E[Sn+1|Fn] = E
[ n∑
i=1

Xi +Xn+1|Fn
]

= Sn + �

w,§e� > 0(� < 0)§K{Sn}´�'u{Fn}�e�(þ

�).
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~~~ 6.1.6 �Ä�áú²Æâ¯K. �X1; X2; · · ·Õá
Ó©Ù§©Ù¼ê�

P{Xi = 1} = P{Xi = −1} =
1

2

u´�±òXi(i = 1; 2 · · · )w��áÝM1iZ�(JµX

JÑy�¡ÒI1�§Ñy�¡KÑ1�. b�·�U±e�

5K5ÙÆ§zgÝ�M1�c�Ù5Ñ'þ�g���§

��I
ÙÆ=Ê. -WnL«1ngÙÆ�¤Ñ(½I)�o

aê, KW0 = 0§duÃØÛ���I
ÒÊ�ÙÆ§¤

±WnlI
��åÒØ2Cz§u´kP{Wn+1 = 1|Wn =

1} = 1.
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eb�cngÝ��M1ÑÑy
�¡§Uì5K§·

�®²Ñ
 1 + 2 + 4 + · · · + 2n−1 = 2n − 1 �§=Wn =

−(2n − 1). bXe�gM1Ñy�´�¡§U5KWn+1 =

2n − (2n − 1) = 1§dú²�cJ��

P{Wn+1 = 1|Wn = −(2n − 1)} =
1

2

P{Wn+1 = −2n − 2n + 1|Wn = −(2n − 1)} =
1

2

´yE[Wn+1|Fn] = Wn§ùpFn = �(X1; · · · ; Xn)§l


{Wn}´�á'u{Fn}��.
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~~~ 6.1.7 ·��±r~6.1.62��z.�X1; X2; · · ·E
X~6.1.6b½§
zgÙÆ¤eÙ5ò�c¡M1�Ý�(

Jk'§±BnP1ng¤e�Ù5§KBn´X1; · · · ; Xn−1�

¼ê, �ó�Bn´Fn−1�ÿ� (�B1�~ê).E,-WnÓ

~6.1.6�½Â§W0 = 0§Kk

Wn =
n∑
j=1

BjXj

b�E[|Bn|] < ∞(ù�y
zg�Ù�Ñk�½!�)§@

o{Wn}´�á{Fn} �.
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¯¢þ§5¿�E[|Wn|] < ∞ (ù�dE[|Bn|] < ∞�
�)§
�Wn´Fn �ÿ�§¿�

E[Wn+1|Fn] =E[
n+1∑
j=1

BjXj|Fn]

=E[
n∑
j=1

BjXj|Fn] + E[Bn+1Xn+1|Fn]

=
n∑
j=1

BjXj +Bn+1E[Xn+1|Fn]

=Wn +Bn+1E[Xn+1]

=Wn
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~~~ 6.1.8 (Polya�fÄ��.) �Ä�áCkù!�

üÚ¥��f.b��Ð�f¥Ckù!�üÚ¥à�á§

zgÑUXe5Kk�£/ëÅÄ�µXJ<Ñ�´ùÚ�

¥§K�£�Ó�2\\�áÓÚ�¥¶XJ<Ñ´�Ú�

¥�æ�Ó��{. ±XnL«1ngÄ���f¥�ù¥ê§

KX0 = 1§�{Xn}´�á��à�Markovó§=£VÇ�

P{Xn+1 = k + 1|Xn = k} =
k

n+ 2

P{Xn+1 = k|Xn = k} =
n+ 2− k
n+ 2

-MnL«1ngÄ��ù¥¤Ó�'~§KMn = Xn

n+2
§¿

�{Mn}´�á�. ù´Ï�

E[Xn+1|Xn] = Xn +
Xn

n+ 2
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du{Xn}´�áMarkovó§KFn = �(X1; · · · ; Xn)¥

éXn+1kKè�&EÑ�¹3Xn¥§¤±

E[Mn+1|Fn] =E[Mn+1|Xn]

=E

[
Xn+1

n+ 1 + 2
|Xn

]
=

1

n+ 3
E[Xn+1|Xn]

=
1

n+ 3
(Xn +

Xn

n+ 2
)

=
Xn

n+ 2
= Mn:

�~ïÄ��.´PolyaÄgÚ\�§§·^u£ã+

NO�ÚD/¾�DÂ�yñ.
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e¡�Ún�±4·�d®���½e��EÑNõ#

�e�.

�Ä½Â3k¡�Ã¡m«mIþ�¼ê’(x)§¡§�

à�§e∀x; y ∈ I; 0 < � < 1§k

�’(x) + (1− �)’(y) ≥ ’[�x+ (1− �)y] (6.1.4)

¤á.

ÚÚÚnnn 6.1.9 (^�JensenØ�ª)�’(x)�¢ê8Rþ
�à¼ê§�ÅCþM÷v

(1) E[|M |] <∞;

(2) E[|’(M)|] <∞.

Kk

E[’(M)|Fn] ≥ ’[E[M |Fn]] (6.1.5)

Ù¥Fn´?¿4O��ìê�.
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ª(6.1.5)´Í¶�^�JensenØ�ª§d§=���±

e½n.

½½½nnn 6.1.10 �{Mn; n ≥ 0}´'u{Fn; n ≥ 0} �
�(e�), ’(x)´Rþ�à¼ê§�÷vE[’(Mn)+] <∞; ∀n ≥
0§K {’(Mn); n ≥ 0}´'u{Fn; n ≥ 0}�e�. AO

/§{|Mn|; n ≥ 0}´e�¶�E[M2
n] < ∞; ∀n ≥ 0�§

{M2
n; n ≥ 0}�´e�.

y²µäâ½Â´y§�Öö|^Ún6.1.9í�.
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§6.2 ������ÊÊÊ���½½½nnn999ÙÙÙAAA^̂̂

§6.2.1 ������ÊÊÊ���½½½nnn

�!¥·�¤?Ø��§Ñ´�'u,áëÅCþS�

��.¤���(Øé'u��ê6���´¤á�§�
B

un)ÚA^§·�vkJ¦(Ø���5. éu�á'

u{Xn; n ≥ 0}��{Mn; n ≥ 0}§´�∀n ≥ 0§k

E[Mn] = E[M0] (6.2.1)

·�é��XJrd?�½��mn���áëÅCþT§

´ÄE,k

E[MT ] = E[M0] (6.2.2)
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��/§d(Ø�7¤á.�3�½�^�e�±�y

§¤á§ùÒ´��Ê�½n. ��Ê�½n�¿Â´µ/3

ú²�ÙÆ¥§\Ø�UI.0�é{Mn; n ≥ 0}´�«ú²

�Æç, MnL«Û¥<1ngÙÛ(å��Ù�.ª(6.2.1)`

²¦3zgÙÛ(å��Ù��¦m©��Ù���§�´

¦�7��Ùe�§¦�±ÀJ?���Ê�ÙÆ§ù��

�´ëÅ�.ª(6.2.2)`²¦Ê���Ù�Ú¦m©��Ù

�ÉÓ§,
éN´wÑ3����¹e§ù´Ø�(�.'

X~6.1.6¥�ÙÆöæ��üÑ§Ò�±�y¦3I���

�(å§¤±·���ª(6.2.2)�¤áN\�
^�.
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½½½ÂÂÂ 6.2.1 (Ê�) �{Xn; n ≥ 0}´�áëÅCþS

�§¡ëÅ¼êT´'u{Fn := �{X0; X1; · · · ; Xn}; n ≥
0}�Ê�§XJ T3{0; 1; 2; · · · ;∞}¥��§�ézán ≥
0§ {T = n} ∈ Fn := �{X0; X1; · · · ; Xn}.

d½Â·���¯�{T = n}½{T 6= n}ÑATdn�

�9Ù�c�&E��(½§
ØI��Ã{/Ïò5��

¹.E,£�ú²Æç�~f§ÙÆöû½Û�Ê�ÙÆ�

U±¦®²ÙL�(J��â§
ØU`§XJ·e�g�

Ñ·y3ÒÊ�ÙÆ§ù´éÊ���T �1�á�¦µ§

L´�áÊ�.

±ewAáÊ��~f.

~~~ 6.2.2 (½��T = n´�áÊ�§=3ÙÆm©

®(½nÛ���½(å§´�ù´�áÊ�.
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~~~ 6.2.3 (Ä��){Xn; n ≥ 0}´�áëÅCþS�§

A´�á¯�8§-

T (A) = inf{n;Xn ∈ A};¿�½ T (∅) = inf{n;Xn ∈ ∅} =∞;

��T (A)´{Xn; n ≥ 0}Äg?\A(=u)
A¥¤¹¯

�)���§¡T (A)´{Xn; n ≥ 0}�8ÜA �Ä��"Kµ
T (A)´'u{Xn; n ≥ 0}�Ê�.

yyy²²²µµµ ¯¢þ

{T (A) = n} = {X0 =∈ A;X1 =∈ A; · · · ; Xn−1 =∈ A;Xn ∈ A}

w,{T (A) = n}��dX0; X



27/42

‖J I‖

J I

GoBack

FullScreen

Close

Quit

···KKK 6.2.5 �T´��u{0; 1; 2; · · · ;∞}��ÅC
þ§Keãnö�d

(1) {T = n} ∈ Fn := �(X0; X1; · · · ; Xn);

(2) {T ≤ n} ∈ Fn := �(X0; X1; · · · ; Xn);

(3) {T > n} ∈ Fn := �(X0; X1; · · · ; Xn).

��5¿�Xe�ª§=�y²(1),(2),(3)��d5.

{T ≤ n} =
n⋃
k=0

{T = k}

{T > n} = Ω− {T ≤ n}
{T = n} = {T ≤ n} − {T ≤ n− 1}
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ùÒ�±y²T + S;max(T; S)Úmin(T; S)´Ê�.A

O/§d~6.2.2��§~ê n´Ê�. �T´Ê�§-Tn =

min{T; n}, KzáTnÑ´Ê�§¿�k T0 ≤ T1 ≤ T2 ≤
· · · ≤ Tn ≤ n, ∀n.

3âÑÊ�½n�ck5¿±e¯¢ .

···KKK 6.2.6 �{Mn; n ≥ 0}´��'u(Fk)0≤k��§

T´��'u(Fk)0≤k�Ê�§� T ≤ K"Ù¥§K���

�ê"K

E[MT |F0] = M0

AO/§

E[MT ] = E[M0]

y²µduT ≤ K§=T��kÅ�§��T = j�MT =
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Mj§·��±rMT��

MT =
K∑
j=0

MjI{T=j} (6.2.3)

éª(6.2.3)'uFK−1�^�Ï"§k
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E[MT |FK−1] =E[
K∑
j=0

MjI{T=j}|FK−1]

=E[
K−1∑
j=0

MjI{T=j}|FK−1] + E[MKI{T=K}|FK−1]

�j ≤ K − 1�§MjÚI{T=j}Ñ´FK−1�ÿ�§l


E[
K−1∑
j=0

MjI{T=j}|FK−1] =
K−1∑
j=0

MjI{T=j}

qÏ�T ≤ K®�§K{T = K}�{T > K − 1}´�d�§
d~6.2.4¥(J� {T > K − 1} ∈ �(X0; · · · ; XK−1)§Ï
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d

E[MKI{T=K}|FK−1] = I{T>K−1}E[MK|FK−1]

= I{T>K−1}MK−1
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l


E[MT |FK−1] = I{T>K−1}MK−1 +
K−1∑
j=0

MjI{T=j}

= I{T>K−2}MK−1 +
K−2∑
j=0

MjI{T=j}

­E±þ$é§'uFK−2�^�Ï"§·��±��

E[MT |FK−2] =E[E[MT |FK−1]|FK−2]

= I{T>K−3}MK−2 +
K−3∑
j=0

MjI{T=j}

UYù��L§§�ªk

E[MT |F0] = I{T≥0}M0 = M0



33/42

‖J I‖

J I

GoBack

FullScreen

Close

Quit

½½½nnn 6.2.7 (���ÊÊÊ���½½½nnn)

�{Mn; n ≥ 0}´��'u{Fn}��§T´Ê��÷v

(1)P{T <∞} = 1; (6.2.4)

(2)E[|MT |] <∞; (6.2.5)

(3) lim
n→∞

E[|Mn|I ∞ ; 1 ; g n n]
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~~~ 6.2.8 �{Xn}´3{0; 1; · · · ; N}þ�{üëÅi

Ä(p = 1
2
)§¿�0ÚN�üááÂ9.�X0 = a"=�X>9

�0½öN�§ÒÊ�ØÄ
"OéµX�NáÂ�VÇ"

Proof N´�y{Xn}´�á�. -

T = min{j : Xj = 0½N}

§KT´�áÊ�"duXn���k.§�ª(6.2.5)(6.2.6)÷

v(5¿�e�����k.�ª(6.2.4)¤á§Kª(6.2.5)Ú

ª(6.2.6)�½¤á§ù�´,�«/ª��Ê�½n).l


E[XT ] = E[X0] = a

dud�XT��üá�N; 0§

E[XT ] = N · P{XT = N}+ 0 · P{XT = 0}
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~~~ 6.2.9 (���ÑÑÑùùùááá~~~fff)-XnÚTX~6.2.8½Â, b

½Mn = X2
n − n, K{Mn}´'u{Xn}��. ù´Ï�

E[Mn+1|Fn] =E[X2
n+1 − (n+ 1)|Fn]

=X2
n + 1− (n+ 1) = X2

n − n = Mn

´�§d�MnØ´�ák.�§ØUá��Ñª(6.2.5),(6.2.6)¤

á§�´�±y²§�3C <∞; � < 1§¦�

P{T > n} ≤ C�n (6.2.7)

Ï�|Mn| ≤ N2 + n§��E[|MT |] <∞§¿�

E[|Mn|I{T>n}] ≤ C�n(N2 + n)→ 0

l
Ê�½n�^�÷v§·�k(Ø

E[MT ] = E[M0] = a2
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5¿�

E[MT ] = E[X2
T ]− E[T ]

= N2P{XT = N}+ 0 · P{XT = 0} − E[T ] = aN − E[T ]

l


E[T ] = aN − a2 = a(N − a)

ù´Ê��cI��²þ�m.

555 ª(6.2.7)´Markovó¥��á¯K§�{Xn}´�
áØ���Markovó§G��m� {0; 1; · · · ; N}§K�
3C <∞; � < 1§¦�

P{Xm 6= j;m = 0; 1; · · · ; n|X0 = i} ≤ C�n

Öö�gCy².(J«µ�3� > 0,¦�∀i§liÑu3NÚ
S��Lj�VÇ�u�.)
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§6.3 ëëëYYY���

c¡·�?Ø
��Ê�½n§�¡��ÀÄ�½

n(optional sampling theorem)Ú�Âñ½n.�5¿ùp

��Ñ´±lÑ�mn�ëê�.¯¢þ§éuëYëê�

(E¡��)�kaq½n.

ÄkâÑ��½Â.�(Ω;F ; P )´�á���VÇ�m¶

(Ft)t≥0��á�ü�F�f��ê6.�Ö¥¤�9�f��

ê6Ñ´�ü�§Ïd±�·�Òò/�ü�0�Ñ§{¡

�f��ê6.
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½½½ÂÂÂ 6.3.1 ëÅL§{X(t); t ≥ 0}({P�{Xt})¡
�{Ft}·A�§XJézát ≥ 0, Xt�Ft�ÿ. �áL

§{Xt}¡�'u{Ft}��§XJ:

•£1¤ {Xt}�{Ft}·A�L§§
•£2¤záXt�È(=E[|Xt|] <∞)

•£3¤�é��0 ≤ s < t§k

E[Xt|Fs] = Xs; a:s: (6.3.1)

•eëÅL§{Xt; t ≥ 0}´�§Két > 0, k

E[Xt] = E[E[Xt|X0]] = E[X0] (6.3.2)



40/42

‖J I‖

J I

GoBack

FullScreen

Close

Quit

~~~ 6.3.2 �����È�ÅCþ (E(|�|) < +∞)"K

L§Xt := E(�|Ft)� (Ft)��"

~~~ 6.3.3 �{Yt; t ≥ 0}´"Ð�äk²­ÕáOþ�
ëÅL§.-

Xt = X0e
Yt

Ù¥X0��~ê.eE[eYt] = 1§K{Xt; t ≥ 0}´�á�.¯

¢þ

E[|Xt|] = |X0|E[eYt] = |X0|

2é0 ≤ s < t§k

E[Xt|Xr; 0 ≤ r ≤ s] =E[Xse
Yt−Ys|Xr; 0 ≤ r ≤ s]

=XsE[eYt−Ys]

=XsE[eYt−s] = Xs; a:s:
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½½½ÂÂÂ 6.3.4 ëÅCþ�(=� : Ω −→ [0;∞]) ¡�FtÊ
�§ XJP{� < ∞} = 1§¿�é��t ≥ 0§{� ≤
t}´Ft�ÿ�§=

{� ≤ t} ∈ Ft

AO/§�Ft = �(Xs; 0 ≤ s ≤ t)�§�¡�'uëÅL

§{Xt; t ≥ 0}�Ê�. e�3~êk > 0¦�P{� ≤ k} = 1§

K¡��k.Ê�.
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e¡´�Ø��á­�(Ø))Ê�½n§=3·�^

�e§òª(6.3.2)¥�t��¤Ê���§�ªE,¤á.

½½½nnn 6.3.5 e�´k.Ê�§Kk

E[X� ] = E[X0]

�Ø�,�á­��(J´Âñ½n.

½½½nnn 6.3.6 �{Xt; t ≥ 0}´���¿�Xt ≥ 0;∀t ≥
0({¡��K�)§K�3A�??Âñ�k�4�§=k

lim
t→∞

Xt = X∞ <∞; a:s:


