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x7.1 ÄÄÄ���VVVggg

x7.1.1 Markovóóó���½½½ÂÂÂ999���


~~~fff

½½½ÂÂÂ 7.1.1 �ÅL§fXn; n = 0; 1; 2; � � � g¡�Markov

ó§e§��k�½����(eØ,	`²§±�K�ê

8f0; 1; 2; � � � g5L«)§¿�é?¿� n � 0§9?¿G

�i; j; i0; i1 � � � ; in�1§k

PfXn+1 = jjX0 = i0; X1 = i1; � � � ; Xn�1 = in�1; Xn = ig
=PfXn+1 = jjXn = ig (7.1.1)

Ù¥Xn = iL«L§3û�n?uG�i§¡f0; 1; 2; � � � g�
TL§� G��m§P�S. ª(7.1.1)�x
Markovó�

A5§¡�Markov5.
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½½½ÂÂÂ 7.1.2 ¡(7.1.1)ª¥�^�VÇ PfXn+1 = jjXn =

ig�MarkovófXn; n = 0; 1; 2; � � � g����ÚÚÚ===£££VVVÇÇÇ§{¡
=£VÇ§P�pij§§�L?uG�i�L§e�Ú=£�

G�j�VÇ.

���¹e§=£VÇ�G�i, jÚ��nk'.

½½½ÂÂÂ 7.1.3 �Markovó�=£VÇ pij = PfXn+1 =

jjXn = ig��G�i; jk'§
�nÃ'û§¡���àMarkov

ó¶ÄK§Ò¡���ûà�.

3�§¥§·��?Ø�àMarkovó§¿�{¡èMarkovó.
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�Markovó�G�èk��§¡èk�ó§ÄK¡è

Ã�ó.�ÃØG�k��´Ã�§·�Ñ�±òpij(i; j 2
S)ü¤��Ý
�/ª§-

P = (pij) =


p00 p01 p02 � � �
p10 p11 p12 � � �
p20 p21 p22 � � �
... ... ... . . .

 (7.1.2)

¡Pè=£VÇÝ
§ ��{¡è=£Ý
.duVÇ´�

K�§�L§7L=£�,�G�§¤±N´wÑpij(i; j 2
S)k5�

(1) pij � 0; i; j 2 S;
(2)

∑
j2S pij = 1; 8i 2 S:

(7.1.3)
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½½½ÂÂÂ 7.1.4 ¡Ý
��ÅÝ
§eÝ
��äk(7.1.3)

ª¥ü^5�.

´��ÅÝ
z�1���ÚÑè1.

~~~ 7.1.5 (��{ü�;¾!k��.§Fix-Neyman)

�Ä���¹ü�èxG�S1; S2 ±9ü�k�G�S3; S4

(=dØÓ�ÏÚå�k�)��..e�N¾�§K@�§

?uG�S1§e§�¾§`§?uS2§�N�±lS1,S2?

\S3ÚS4§´�ù´��ê¼ó��.§=£Ý
�

P =


p11 p12 p13 p14
p21 p22 p23 p24
0 0 1 0

0 0 0 1


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~~~ 7.1.6 (Ùä�»�½¡�áÂ9��ÅiÄ) XÚ

�G6171 [(X)]TJ/F151 21.991 Tf 22.508 0 Td [(G)]TJ-3m.Tf 22.04-~¡ Å i Â Å6171 [(XTd [(G)]1.9438 21.999=)-37222.041 2 0 T
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~~~ 7.1.7 (���9��ÅiÄ) �þ~¥�ÙÆöÑ

1ûò¼�7Ï14¦UYÙe�§ÒXÓ��3��þ�

�ÅiÄ�¥3���ý0:?Òá���£1��§ùÒ´

���ý�k��9��ÅiÄ.dû=£Ý
�

P =



0 1 0 0 � 0 0 0

q 0 p 0 � � � 0 0 0
0 q 0 p � � � 0 0 0
... ... ... ... ... ... ...

0 0 0 0 � � � q 0 p
0 0 0 0 � � � 0 0 1


(n+1)�(n+1)

Ó���Äüýþk��9��¹.
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~~~ 7.1.8 (gd�ÅiÄ)���¥3���þ�Ã�

���ÅiÄ§§�G��0;�1;�2; � � � .§E´��Markovó§

=£Ý
�

P =



� � � � � � � � � � �
� � � q 0 p 0 � � � � � �
� � � 0 q 0 p � � � � � �

. . . . . . . . .

� � � � � � q 0 p 0 � � �
� � � � � � 0 q 0 p � � �
� � � � � � � � � � �


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~~~ 7.1.9 (ãþ�{ü�ÅiÄ) �k�é¬3Xã5-

1þ÷1§�ü�(:��û§é¬ò÷�§�C��:§

¿�÷�?Û���Ø�VÇ´�Ó�.

KdMarkovó�=£Ý
�

P =



0 1
2

1
2
0 0 0

1
2
0 1

2
0 0 0

1
4

1
4
0 1

4
1
4
0

0 0 1 0 0 0

0 0 1
2
0 0 1

2

0 0 0 0 1 0


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x7.1.2 nÚÚÚ===£££VVVÇÇÇ§§§C-K���§§§

½½½ÂÂÂ 7.1.10 ¡^�VÇ

p
(n)
ij = PfXm+n = jjXm = ig; i; j 2 S;m � 0; n � 1

(7.1.4)
�Markovó�nÚÚÚ===£££VVVÇÇÇ§�A/¡P(n) = (p

(n)
ij ) �nÚÚÚ

===£££ÝÝÝ


.

�n = 1�, p(1)ij = pij;P(1) = P§d	5½

p
(0)
ij =

{
0; i 6= j

1; i = j
(7.1.5)

w,§nÚ=£VÇp
(n)
ij ��Ò´XÚlG�i²LnÚ�=

£�j�VÇ§§é¥m�n� 1Ú=£²L�G�Ã�¦.
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e¡�½n�Ñ
p
(n)
ij Úpij�'X.

½½½nnn 7.1.11 ( Chapman-Kolmogorov���§§§§§§{{{
¡¡¡C-K���§§§)

é��n;m � 0; i; j 2 Sk
(1)

p
(m+n)
ij =

∑
k2S

p
(m)
ik p

(n)
kj (7.1.6)

(2)

P(n) = P �P(n�1) = P �P �P(n�2) = � � � = Pn (7.1.7)

y²µ
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p
(m+n)
ij =PfXm+n = jjX0 = ig

=
PfXm+n = j;X0 = ig

PfX0 = ig

=
∑
k2S

PfXm+n = j;Xm = k;X0 = ig
PfX0 = ig

(�VÇúª)

=
∑
k2S

PfXm+n = j;Xm = k;X0 = ig
PfX0 = ig

PfXm = k;X0 = ig
PfXm = k;X0 = ig

=
∑
k2S

PfXm+n = jjXm = k;X0 = igPfXm = kjX0 = ig

=
∑
k2S

p
(n)
kj � p

(m)
ik

=
∑
k2S

p
(m)
ik p

(n)
kj

(2)´(1)�Ý
/ª§|^Ý
¦{´�.
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~~~ 7.1.12 �~7.1.6¥§n = 3; p = q = 1
2
.ÙÆö

l2�Ù7m©ÙÆ§¦)¦²L4gÙÆ��Ñ1�VÇ.

)µù�VÇ�p
(4)
20 = PfX4 = 0jX0 = 2g§�Ú=£

Ý
�

P =


1 0 0 0
1
2
0 1

2
0

0 1
2
0 1

2

0 0 0 1


|^Ý
¦{�

P(4) = P4 =


1 0 0 0
5
8

1
16

0 5
16

5
16

0 1
16

5
8

0 0 0 1


�p

(4)
20 = 5

16
(P (4)¥13111�).
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~~~ 7.1.13 `¯ü<?1,«'m§�zÛ`ë�V
Ç´p§¯ë�VÇ´q§ÚÛ�VÇ´r§p + q + r = 1.

�zÛ'm�§ëöP/+10©§KöP/-10©§ÚÛ

ØP©§��ü<¥k�<¼�2©û(å'm. ±XnL«

'm�1nÛû`¼��©ê§KfXn; n = 0; 1; 2; � � � g�û
àMarkovó§¦3`¼�1©��¹e§Ø�LüÛ�(å

'm�VÇ.

)µ fXn; n = 0; 1; 2; � � � g��Ú=£VÇÝ
�

P =


1 0 0 0 0

q r p 0 0

0 q r p 0

0 0 q r p

0 0 0 0 1


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üÚ=£VÇÝ
�

P(2) = P �P =


1 0 0 0 0

q + rq r2 + pq 2pr p2 0

q2 2rq r2 + 2pq 2pr p2

0 q2 2qr r2 + pq p+ pr

0 0 0 0 1


�3`¼�1©��¹e§Ø�LüÛ�(å'm�VÇ�

p
(2)
1;2 + p

(2)
1;�2 = p+ pr
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~~~ 7.1.14 �:3ê¶þ�:8f�2;�1; 0; 1; 2gþ
��ÅiÄ.�:��:-2�§±VÇ1Ê33�?¶��

:2�§±VÇ1��£Ä�:¶��Ù§:�§©O±V

Ç1
3
��!�m£Ä�:§±VÇ1

3
Ê33�?.Á¦3®�

T�:?uG�0�^�e§²nÚ=£�E?uG�0�V

Ç.

)µ�Ú=£VÇÝ
�

P =


1 0 0 0 0
1
3

1
3

1
3
0 0

0 1
3

1
3

1
3
0

0 0 1
3

1
3

1
3

0 0 0 1 0


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�Ú=£VÇÝ
�

P(2) =


� � � � �
� � � � �
1
9

2
9

3
9

2
9

1
9

� � � � �
� � � � �


nÚ=£VÇÝ
�

P(3) =


� � � � �
� � � � �
1
9

2
9

3
9

2
9

1
9

� � � � �
� � � � �

 �

� � 0 � �
� � 1

3
� �

� � 1
3
� �

� � 1
3
� �

� � 0 � �

 =


� � � � �
� � � � �
� � 7

27
� �

� � � � �
� � � � �


=3®�?uG�0�^�e§²nÚ=£�E?uG�0�

VÇ� 7
27
.(=£Ý
¥��Ü©��ª�O��(JÃ'§�

éÑO�)
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~~~ 7.1.15 (2w�Ã�í�),«�ËA�2wUC


2w�ª§²N�uyïA«�Ë9,	n«�ËB,C,D�

��zü���²þ=�ÇXe(�½|¥�kùo«�Ë):

A!A(0:95)B(0:02)C(0:02)D(0:01)

B!A(0:30)B(0:60)C(0:06)D(0:04)

C!A(0:02)B(0:01)C(0:07)D(0:00)

D!A(0:20)B(0:20)C(0:10)D(0:50)

b�8c	ïA,B,C,Do«�Ë����©Ù�(25%; 30%;

35%; 10%)§Á¦�c��ËA�½|°�.
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)µ-P�=£Ý
§Kw,k

P =


0:95 0:02 0:02 0:01

0:30 0:60 0:06 0:04

0:20 0:10 0:70 0:00

0:20 0:20 0:10 0:50


-

� = (�1; �2; �3; �4) = (0:25; 0:30; 0:35; 0:10)

O�²L�c���3ùo«�Ëþ�=£VÇP3,

P2 =


0:9145 0:035 0:0352 0:0153

0:485 0:38 0:088 0:047

0:36 0:134 0:5 0:006

0:37 0:234 0:136 0:26


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P3 =


0:8894 :8894 :8894 :8894 B:8894:8894 :8894 :8894 B:8894 :8894:8894:8894 B:8894 :8894:8894:8894
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x7.2 GGG������©©©aaa999555���

�!·�Äk5?Ø�eMarkovó��G��m�'

X§¿±ù
'XòG�©a§Å�5ïÄ§��5�.
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½½½ÂÂÂ 7.2.1 ¡G�i������G�j(i; j 2 S)§e�3n �
0¦�p

(n)
ij > 0§P� i ! j. eÓûkj ! i§K¡i�jppp

ÏÏÏ§P� i$ j.

½½½nnn 7.2.2 pÏ´�«�d'X§=÷vµ
(1)g�5µi$ i¶

(2)é¡5µi$ j§Kj $ i¶

(3)D45µi$ j; j $ k, Ki$ k.
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y²µlpÏ�½Â��(1)(2)´w,�,�y(3).

dpÏ½Â��Iyi ! k�k ! j. Äk§di !
j; j ! k���3m;n � 0§¦� p

(m)
ij > 0; p

(n)
jk > 0.2

dC-K�§�� p
(m+n)
ik =

∑
l2S p

(m)
il p

(n)
lk � p

(m)
ij p

(n)
jk > 0§

�i! k.Ón�yk ! i§=ki$ k.

·�r?Ûü�pÏG�8è�a§dþã½n��§

Ó3�a�G�ATÑ´pÏ�§¿�?Û��G�ØUÓ

�áuü�ØÓ�a.

½½½ÂÂÂ 7.2.3 eMarkovó��3��a§Ò¡§´ØØØ

���������¶ÄK¡����.
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~~~ 7.2.4 ·�5w~7.1.5¥;¾k��.�o�G

��m�'.��Ùå�§²~±ã5-2¤«�=£ã5L

«Markovó�G�Cz.d=£Ý
N´wÑµS1! S1; S2!
S1; S1 ! S2; S2 ! S2; S1 ! S3; S2 ! S3; S1 ! S4; S2 !
S4. ¤±�kS1$ S2§�S3 6! S1; S4 6! S1; S3 6! S2; S4 6!
S2; S3 6! S4; S4 6! S3. G��©�nafS1; S2g,fS3gÚfS4g.

ã5-2 ~7.2.4ã«
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�^aq��{5`²ÙäÑ1¯K¥?Ûü�G

�i; j(0 < i; j < n)ÑpÏ§¿�ò¤kG�©ènaµ

f0g,f1; 2; � � � ; n� 1g,fng.
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e¡·��ÑG���
5�§,�y²Ó3�a�G

�äk�Ó�5�.

½½½ÂÂÂ 7.2.5 e8Üfn : n � 1; p
(n)
ii > 0g��§K¡§

���ú�êd = d(i)�G�i� ±±±ÏÏÏ.ed > 1§¡i´́́±±±ÏÏÏ

���¶ed = 1§¡i´���±±±ÏÏÏ���.¿AO5½þã8Ü��8

û§¡i�±Ï�Ã¡�.

5µd½Â7.2.5��§�,ik±Ïd§�¿Ø´é¤

k� n; p
(nd)
ii Ñ�u0.

XJ8Ü fn : n � 1; p
(n)
ii > 0gèf4; 6; 8; 12; � � � g§Ù

Å�ú�êd = 2§=2´i�±Ï§w,§ n = 2ÑØá

ud8Ü§=p
(2)
ii = 0.�´�±y²§3�~���¹e§

�n¿©����½k p
(dn)
ii > 0.
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~~~ 7.2.6 �	Xã5-3¤«�Markovó.

~7.2.6ã«

dG�1Ñu2£�G�1��UÚ�èT = f4; 6; 8; 10; � � � g§
§�Å�ú�ê´2§�,lG�1Ñu2Ú¿ØU£�G

�1§·�E,¡2´G�1�±Ï.



32/71

kJ Ik

J I

GoBack

FullScreen

Close

Quit

½½½nnn 7.2.7 eG�i; jÓá�a§Kd(i) = d(j).

y²µda�½Â�i$ j§=�3m;n � 0§¦p
(m)
ij >

0; p
(n)
ji > 0§Kp

(m+n)
ii =

∑
k2S p

(m)
ik p

(n)
ki � p

(m)
ij p

(n)
ji > 0.

é¤k¦�p
(s)
jj > 0�s,k p

(n+s+m)
ii � p

(m)
ij p

(s)
jj p

(n)
ji > 0.

w,d(i)AÓ��Ø n + mÚn + m + s§K§7½�

Øs.
d(j)´j�±Ï§¤±�kd(i)�Ød(j). �L5�

�y²d(j)�Ød(i)§u´d(i) = d(j).
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~�5

½½½ÂÂÂ 7.2.8 éu?ÛG�i; j§±f (n)
ij PliÑu²nÚ

�Äg��j�VÇ§Kk

f
(n)
ij =PfXn = j;Xk 6= j; k = 1; 2; � � � ; n� 1jX0 = ig; n � 1

f
(0)
ij = �ij =

{
1; i = j;

0; i 6= j.
(7.2.1)

-

fij =
1∑
n=1

f
(n)
ij

efjj = 1§¡G�j�~~~���GGG���¶efjj < 1§¡G�j����

~~~���GGG���½]]]LLLGGG���.
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·�5wfij�¹Â.N´wÑ8Ü An = fXn = j;Xk 6=
j; k = 1; 2; � � � ; n � 1jX0 = ig, 3nØÓ�´Ø���§¿
�[1n=1AnL«ok��n¦�L§li²nÚ����j§¤

±

P (
1⋃
n=1

An) =
1∑
n=1

P (An) =
1∑
n=1

f
(n)
ij = fij

=L«liÑu§k�ÚS�±��j�VÇ.

K�iè~�G��§liÑu§3k�ÚS§L§ò±

VÇ1­#�£i¶
�iè�~�G��§L§±VÇ1 �
fii > 0Ø2£�i§�ó�§liwL
.
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éu~�G�i§½Â

�i =
1∑
n=1

nf
(n)
ii

�±���iL«�´diÑu2�£�i¤I�²þÚê(�

m).

½½½ÂÂÂ 7.2.9 éu~�G�i§e�i < +1§K¡i����
~~~���GGG���¶e�i = +1§K¡i�"""~~~���GGG���.
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~~~ 7.2.10 �Markovó�G��m�S = f1; 2; 3; 4g§
Ù�Ú=£VÇÝ
�

P =


1
2

1
2
0 0

1 0 0 0

0 1
3

2
3
0

1
2
0 1

2
0


ÁòG�?1©a.

)µd�Ú=£VÇÝ
P§é��n � 1§f
(n)
44 = 0§

l
f44 =
∑1

n=1 f
(n)
44 = 0 < 1§�G�4´�~��.

qf
(1)
33 = 2

3
§f

(n)
33 = 0(n � 2)§l
f33 =

∑1
n=1 f

(n)
33 =

2
3
< 1§�G�3´�~��.
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�G�1�2´~��§Ï�

f11 = f
(1)
11 + f

(2)
11 =

1

2
+

1

2
= 1

f22 =
1∑
n=1

f
(n)
22 = 0 +

1

2
+

1

22
+

1

23
+ � � � = 1

qÏ�

�1 =
1∑
n=1

nf
(n)
11 = 1 �

1

2
+ 2 �

1

2
=

3

2
<1

�2 =
1∑
n=1

nf
(n)
22 = 1 �0+2 �

1

2
+3 �

1

22
+ � � �+n �

1

2n�1
= 3 <1

�G�1�2Ñ´�~�G�§qÏÙ±ÏÑ´1§�§�Ñ

´H{�.
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·��±y²§éuÓá�a�G�i; j,§�Óè~�

G�½�~�G�§¿��§�´~�G��§qÓè�~

�G�Ú"~�G�.±e·�ÄkÚ\~�5�,���

½�{.

½½½nnn 7.2.11 G�i�~����=�
∑1

n=0 p
(n)
ii =

1¶
G�i��~�G��k

∑1
n=0 p

(n)
ii = 1

1�fii
.

3y²½n�c§·�I�e¡�Ún§§�Ñ
=£

VÇp
(n)
ij �Ä�VÇf

(n)
ij �'X.
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ÚÚÚnnn 7.2.12 é?¿G�i; j91 � n < +1§k

p
(n)
ij =

n∑
q=1

f
(q)
ij p

(n�q)
jj (7.2.2)

y²µ^8B{.én = 1; 2§dp
(1)
ij = f

(1)
ij , ´yþª¤

á.

b�én� 1§®k p
(n�1)
ij =

∑n�1
q=1 f

(q)
ij p

(n�1�q)
jj ¤á.
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én^C-K�§§k

p
(n)
ij =

∑
k2S

pikp
(n�1)
kj = p

(1)
ij p

(n�1)
jj +

∑
k 6=j
k2S

pikp
(n�1)
kj

= f
(1)
ij p

(n�1)
jj +

∑
k 6=j
k2S

f
(1)
ik (

n�1∑
q=1

f
(q)
kj p

(n�1�q)
jj )

= f
(1)
ij p

(n�1)
jj +

n�1∑
q=1

(
∑
k 6=j
k2S

f
(1)
ik f

(q)
kj )p

(n�1�q)
jj

= f
(1)
ij p

(n�1)
jj +

n�1∑
q=1

f
(1+q)
ij p

(n�1�q)
jj

= f
(1)
ij p

(n�1)
jj +

n∑
q=2

f
(q)
ij p

(n�q)
jj

=
n∑
q=1

f
(q)
ij p

(n�q)
jj
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y²¥·�^�
�ªf
(q+1)
ij =

∑
k 6=j f

(1)
ik f

(q)
kj §�Öö

g1y�. y3·�Ò�±é½n7.2.11�Ñy²
.

½½½nnn7.2.11���yyy²²²µµµ ^Ún7.2.12, k
1∑
n=0

p
(n)
ii = p

(0)
ii +

1∑
n=1

(
n∑
q=1

f
(q)
ii p

(n�q)
ii )

= 1 +
1∑
q=1

1∑
n=q

f
(q)
ii p

(n�q)
ii

=1 + (
1∑
q=1

f
(q)
ii )(

1∑
m=0

p
(m)
ii )

¤±
1∑
n=0

p
(n)
ii =

1

1� fii
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l

1∑
n=0

p
(n)
ii <1 () fii < 1;

1∑
n=0

p
(n)
ii =1 () fii = 1:

ÚÚÚnnn 7.2.13 ei$ j�i�~�G�§Kfji = 1.

y²µbXfji < 1, K±�VÇ1 � fji > 0¦�ljÑ

uØU3k�ÚS£�i.ù¿õXXÚ¥�3X���V

Ç§¦�§liÑuØU3k�ÚS£�i§l
fii < 1,�b

�i´~�G��gñ.¤±�Ukfji = 1.
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½½½nnn 7.2.14 ~�5´��a5�.

y²µ
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��§
∑1

l=0 p
(l)
jj ;
∑1

l=0 p
(l)
ii �p��§ÓèÃ¡½k�§

l
i; jÓè~�½�~�G�.

Ùg·���±y²§�i; jÓè~�G��§§�Ó

è�~�G�½"~�G�. y²ò3e�!�Ñ.
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~~~ 7.2.15 �Markovó�G��mS = f0; 1; 2; � � � g,
=£VÇ� p00 = 1

2
; pi;i+1 = 1

2
; pi0 = 1

2
; i 2 S. dã5-

4´�,f
(1)
00 = 1

2
; f

(2)
00 = 1

2
� 1
2
; f

(3)
00 = 1

2
� 1
2
� 1
2
; � � � ; f (n)

00 = 1
2n
§

�f00 =
∑1

n=1
1
2n

= 1; �0 =
∑1

n=1 n2
�n <1. ��G�0´

�~�G��§w,§´�±Ï�§�0´H{�.éÙ¦G

�i > 0§di$ 0, �i�´H{�.
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~~~ 7.2.16 �Ä��þÃ����ÅiÄ§G��m
�S = f0;�1;�2; � � � g§=£VÇ� pi;i+1 = 1 � pi;i�1 =

p; i 2 S. éuG�0§��p
(2n+1)
00 = 0; n = 1; 2; � � � , =

l0ÑuÛêgØ�U�£�0. 


p
(2n)
00 =

(
2n

n

)
pn(1� p)n =

(2n)!

n!n!
[p(1� p)]n

=²Lóêg£�0 ��=�§��!m£Äål�Ó.

dStirling úª�, �n¿©�û§n! � nn+
1
2e�n
p
2�§

Kp
(2n)
00 �

[4p(1�p)]np
n�

. 
p(1�p) � 1
4
�p(1�p) = 1

4
() p =

1
2
. u´p = 1

2
û,
∑1

n=0 p
(n)
ii = 1, ÄK

∑1
n=0 p

(n)
ii < 1, =

�p 6= 1
2
ûG�0´]LG�§p = 1

2
û´~�G�.

ggg���µµµ£££���0:::²²²þþþÚÚÚêêêºººººººººººº
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x7.3 444���½½½nnn999²²²­­­©©©ÙÙÙ

x7.3.1 444���½½½nnn

éu��XÚ5`§�Ä§��Ï�5�´é7��§

�!·�òïÄMarkovó�4��¹Ú²­Markovó�k

'5�.Äk5wü�~f.

~~~ 7.3.1 �Markovó�=£Ý
�

P =

(
1� p p

q 1� q

)
; 0 < p; q < 1

y3�ÄP(n)�n ! 1û��¹.dP(n) = Pn�§�IO

�P�n­¦È�4�.-

Q =

(
1�p
1 q

)
; D =

(
1 0

0 1� p� q

)
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K

Q�1 =

(
q
p+q

p
p+q

� 1
p+q

1
p+q

)
; P = QDQ�1

l


Pn=(QDQ�1)n = Q

(
1 0

0 1� p� q

)n

Q�1

=

(
q+p(1�p�q)n

p+q

p�p(1�p�q)n
p+q

q�q(1�p�q)n
p+q

p+q(1�p�q)n
p+q

)
(7.3.1)

duj1� p� qj < 1§(7.3.1)ª�4��

lim
n!1

Pn =

(
q
p+q

p
p+q

q
p+q

p
p+q

)
��dMarkovó�nÚ=£VÇk��­½�4�.
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~~~ 7.3.2 3~7.2.16¥-p = 1
3
§K

lim
n!1

p
(2n)
00 = lim

n!1

(4� 1
3
� 2

3
)n

p
n�

= 0 (7.3.2)

-p = 1
2
§K

lim
n!1

p
(2n)
00 = lim

n!1

(4� 1
2
� 1

2
)n

p
n�

= 0 (7.3.3)

d(7.3.2)Ú(7.3.3)ª��§l"Ñu²LÃ¡g�=£�

�§XÚ3,�5½û�£�0�VÇªu0.
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·�N´y²~7.3.1 ¥¤kG�´�~�G�§


~7.2.16¥�p = 1
3
ûG�0´�~�G�§�p = 1

2
û§0´

"~�G�.@oü�~f�Ñ�´Ø´��(ØQ?�Y´

�½�§·�Ø\y²/Ú\Markovó���Ä�4�½

n.

½½½nnn 7.3.3 eG�i´±Ï�d�~�G�§K

lim
n!1

p
(nd)
ii =

d

�i
(7.3.4)

��i =1�§ d
�i

= 0.

555µµµ3½n7.3.3¥�J�i´~�G���/.�i´�

~�G�û§du
∑1

n=1 p
(n)
ii <1, ´�limn!1 p

(n)
ii = 0.
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d½n7.3.3, ·�k±eíØ.

íííØØØ 7.3.4 �i�~�G�§K

i�"~�G� () lim
n!1

p
(n)
ii = 0

y²µei�"~�G�§K �i =1,l
limn!1 p
(nd)
ii =

0.
�mØ´d��ê�û, p
(m)
ii = 0§�limn!1 p

(n)
ii = 0.

��elimn!1 p
(n)
ii = 0. �i��~�G�§K�i <1§

d½n7.3.3�limn!1 p
(nd)
ii > 0§gñ.
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|^íØ7.3.4 §·�r½n7.2.14�1�Ü©Ö¿y²

Xe:

yyy²²²(½½½nnn7.2.14) �i $ j�~�G��i�"~�

G�§K

p
(n)
ii ! 0

�Ä�

p
(n+m+l)
ii � p(n)ij p

(m)
jj p

(l)
ji � 0 (7.3.5)

-m!1, é(7.3.5)ª�4�§�

0 � lim
m!1

p
(m)
jj � 0

�j��"~�G�. ��dj�"~�G���í�i�"~

�G�§l
y²
i; jÓ�"~�G�½�~�G�.
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x7.3.2 ²²²­­­©©©ÙÙÙ���444���©©©ÙÙÙ

c¡·��?Ø
Markov ó�=£VÇpij�k'¯

K§e¡·�òÒ§�Ð©©Ù�¯K�Ñ�
(Ø.Äk

´'uMarkovó�²­©ÙÚ4�©Ù�Vg.

½½½ÂÂÂ 7.3.5 éuMarkovó§VÇ©Ùf�j; j 2 Sg¡
�²²²­­­©©©ÙÙÙ§e

�j =
∑
i2S

�ipij (7.3.6)

��§eMarkovó�Ð©©ÙPfX0 = jg = �j´²­

©Ù§KX1�©Ùò´

PfX1 = jg=
∑
i2S

PfX1 = jjX0 = ig � PfX0 = ig

=
∑
i2S

pij�i = �j:



54/71

kJ Ik

J I

GoBack

FullScreen

Close

Quit

ù�X0�©Ù´�Ó�§�g4íXn; n = 0; 1; 2; 3; � � �ò
k�Ó�©Ù§ù�´�üo¡f�i; i 2 Sg�²­©Ù��
Ï.

½½½ÂÂÂ 7.3.6 ¡Markovó´HHH{{{ (Ergodic) �§X
J¤kG��Ï�þ´±Ï�1��~�G�. éuH{

�Markovó,4�

lim
n!1

p
(n)
ij = �j; j 2 S (7.3.7)

¡�Markovó�444���©©©ÙÙÙ.

d½n??�§�j =
1
�j
.

e¡�½n`²éuØ��H{�Markovó§4�©

ÙÒ´²­©Ù¿��´���²­©Ù.
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½½½nnn 7.3.7 éuØ���±Ï�Markovó§
(1)e§´H{�§K�j = limn!1 p

(n)
ij > 0(j 2 S)´

²­©Ù�´���²­©Ù¶

(2)eG�Ñ´]L�½��L � [(>)]TJ/F1K68 21.9997 Tf 22 0 Td [(�)]TJ/F1989997 Tf -554 -28.931 Td [(�)]TJ/F180 21.9997 Tf 21.999 0 Td [(�)]TJ/F180 11.9997 Tf 22.691 0 Td [(�)]TJ/F168F19-29TJ/F196 21.99 Tf 9.09 0 Td [3 6636
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ü>�4��

lim
n!1

p
(n+1)
ij = lim

n!1

∑
k2S

p
(n)
ik pkj =

∑
k2S

( lim
n!1

p
(n)
ik )pkj

=�j =
∑

k2S �kpkj, l
f�j; j 2 Sg´²­©Ù.

2yf�j; j 2 Sg´���²­©Ù. b�,	�k��

²­©Ùf�̃j; j 2 Sg, Kd�̃j =
∑

k2S �̃kpkj8B��

�̃j =
∑
k2S

�̃kp
(n)
kj ; n = 1; 2; � � � (7.3.9)

-n!1§é(7.3.9)ªüà�4�,k

�̃j =
∑
k2S

�̃k lim
n!1

p
(n)
kj =

∑
k2S

�̃k � �j

Ï�
∑

k2S �̃k = 1§¤±�̃j = �j, �y²­©Ù��.



k

I

(2)

b

�

•

3

˜

‡²­©Ùf�

2Sg,Kd(1)¥y²•��

X i2S�

(

n)ij; (n=1

; 2; ���

)

)

²
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~~~ 7.3.8 �Markovó�=£
�

P =

0:5 0:5 0

0:5 0 0:5

0 0:5 0:5


K§�²­©Ù÷v

�1=0:5�1 + 0:5�2
�2=0:5�1 + 0:5�3
�3=0:5�2 + 0:5�3
1 =�1 + �2 + �3:

¦) � = (�1; �2; �3) = (1
3
; 1
3
; 1
3
). K

lim
n!1

p
(n)
ij = lim

n!1
PfXn = jjX0 = ig =

1

3

=0û�liÑu3éÈ�ûm��Markovó?uG�1; 2; 3�

VÇþ�1
3
§=Xn�4�©Ù�þ!©Ù.
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~~~ 7.3.9 �k6��Õ,�Õ¥m�ú´ë��¹X

ã5-6¤«.

~7.3.9ã«

ð�zU�±l��Õ¨���������Õ§¿3��

���Õ3�§gF'�­E�Ó�¹Ä.�zU'�ð�

m �C�?Û���ÕÑ´��U�§Á`²é�ûm

�§�Õz�3��ð�'~ªu­½.¦Ñù�'~±B

�(/���Õ�ÑÖ5�.

)µ±fXn; n = 0; 1; � � � gP1nU,ýð�3���Õ
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Ò.ù´��Makovó§=£VÇÝ
�

P =



0 1
2
0 0 0 1

2
1
3
0 1

3
0 0 1

3

0 1
2
0 1

2
0 0

0 0 1
3
0 1

3
1
3

0 0 0 1
2
0 1

2
1
4

1
4
0 1

4
1
4
0


)�§ {

�P =�∑6
i=1 �i=1

Ù¥� = (�1; �2; �3; �4; �5; �6), ��� = (1
8
; 3
16
; 1
8
; 3
16
; 1
8
; 1
4
).

l
ÃØm©ð�l=���ÕÑu3é�ûm�¦3?�

��Õ3��VÇÑ´�½�§l
¤k�ð��ò±��

­½�'~3��Õ3�.
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~~~ 7.3.10 �`�¥kk�x¥Ú1�ç¥§¯�¥

kk + 1�x¥§zglü�¥�?��¥§����\é

���¥.y²²Lng���§ç¥E3`�¥�VÇpn÷

vlimn!1 pn = 1
2
.

)µ±XnL«1ng�¥�`�¥�ç¥ê§KfXn; n =

0; 1; 2; � � � g´G��m�S = f0; 1g�ûàMarkovó§�Ú

=£VÇÝ
�

P =

(
k
k+1

1
k+1

1
k+1

k
k+1

)
K§�²­©Ù÷v{

�0 = k
k+1

�0 +
1

k+1
�1

�1 = 1
k+1

�0 +
k
k+1

�1

�k�0 + �1 = 1§
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¦)�� = (�0; �1) = (1
2
; 1
2
)§�²Lng���§ç¥

E3`�¥�VÇpn÷v

lim
n!1

pn = lim
n!1

PfXn = 1g = �1 =
1

2

~~~ 7.3.11 ·I,«û¬3I	�È�¹�këY24�
GÝ�êâ(Ù¥1L«��§2L«¢�)µ

1,1,2,1,2,2,1,1,1,2,1,2,1,1,2,2,1,1,2,1,2,1,1,1
XJTû¬�È�¹Cq÷v�à5�Markov5.
(1)Á(½�ÈG���Ú=£VÇÝ
.
(2)XJy3´��§Áýÿù���1o�GÝ��

ÈG¹.
(3)XJK��È�¤kÏ�ØC§Áýÿ�Ï��È

G¹.
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)µ±XnL«1nGÝT«û¬3I	��È�¹§

KfXn; n = 1; 2; � � � g´�G��m�f1; 2g��àMarkovó.
(1)d1 ! 1k7g¶d1 ! 2k7g§�p11 = p12 =

7
14

= 1
2
:

d2! 1k7g¶d2! 2k7g§�p21 =
7
9
; p22 =

2
9
:

�Ú=£VÇÝ
�

P =

(
p11 p12
p21 p22

)
=

(
1
2
1
2

7
9
2
9

)
(2)

P(4) = P4 =

(
0:611 0:389

0:605 0:395

)
p
(4)
11 = 0:611 > p

(4)
12 = 0:389

=XJy3´��§ù��1o�GÝT«û¬ò±V

Ç0.611��.
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(3)d²­�§(�1; �2) = (�1; �2)P95�5^��1 +

�2 = 1� 
�1 = 1

2
�1 +

7
9
�2

�2 = 1
2
�1 +

2
9
�2

�1 + �2 = 1

)�� = (�1; �2) = (14
23
; 9
23
).

=�Ïe�§T«û¬ò±14
23
�VÇ��.
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x7.4 ëëëYYY���mmmMarkovóóó(


)))§§§ÀÀÀÖÖÖ)

x7.4.1 ëëëYYY���mmmMarkovóóó

c¡A!?Ø�´ûmÚG��mÑ´lÑ�MarkovL

§§�!·�ò0�,	�«�¹�MarkovL§§§�G

��mE,´lÑ�§�ûm´ëYCz�§¡�ëYû

mMarkovó. ·�¬�Ñ§��
5�§��­���

§(Kolmogrov�§)Ú��­��A^()«L§).

½½½ÂÂÂ 7.4.1 L§fX(t); t � 0g�G��mS�lÑ
�m§��BÖ��S�f0; 1; 2; � � � g½Ùf8. eé�

�s; t � 09i; j 2 S,k
PfX(t+ s) = jjX(s) = i;X(u) = x(u); 0 � u < sg

= PfX(t+ s) = jjX(s) = ig (7.4.1)

¤á§K¡fX(t); t � 0g´��ëëëYYYûûûmmmMarkovóóó.
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^�VÇPfX(t+s) = jjX(s) = igP�pij(s; t)§L«
L§3û�s?uG�i§²tûm�=£�j�=£VÇ§¿

¡P(s; t) = (pij(s; t))��A�=£VÇÝ
.

½½½ÂÂÂ 7.4.2 ¡ëYûmMarkovó´ûûûààà���§e pij(s; t)

�sÃ'.{P pij(s; t) = pij(t)§�A/PP(t) = (pij(t)).

·��?Øûà�ëYûmMarkovó§¿�{¡�ë

YûmMarkovó(3ØÚå· ��¹ekû�¡�Markov

ó).



67/71

kJ Ik

J I

GoBack

FullScreen

Close

Quit

x7.4.2 Kolmogorovááá©©©���§§§

éulÑûmMarkovó§XJ®�Ù=£VÇÝ
P =

(pij)§KÙnÚ=£VÇÝ
dÙ�Ú=£Ý
�ng��

�.�´éuëYûmMarkovó§=£VÇpij(t)�¦)��

'�E,.e¡·�k�Äpij(t)��
5�.

½½½nnn 7.4.3 �àëY�mMarkovó�=£VÇpij(t)÷
v:

(1)pij(t) � 0;

(2)
∑

j2S pij(t) = 1;

(3)pij(t+ s) =
∑

k2S pik(t)pkj(s).
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y²µ(1)Ú(2)dpij(t)�½Â´�.

e¡y²(3)µ

pij(t+ s)=PfX(t+ s) = jjX(0) = ig
=
∑
k2S

PfX(t+ s) = j;X(t) = kjX(0) = ig

=
∑
k2S

PfX(t+ s) = jjX(t) = k;X(0) = igPfX(t) = kjX(0) = ig

=
∑
k2S

PfX(t+ s) = jjX(t) = kgpik(t)

=
∑
k2S

pik(t)pkj(s)

��¡(3)�ëYûmMarkovó�C-K�§.
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½½½nnn 7.4.4 (1)

lim
t!0

1� pii(t)
t

= qii � +1 (7.4.2)

(2)

lim
t!0

pij(t)

t
= qij <1 (7.4.3)

¡qij�lG�i=£�j�=£�Ç.

íííØØØ 7.4.5 ék�G��à�ëY�mMarkovó§
k

qii =
∑
j 6=i

qij < +1 (7.4.4)
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y²µd½n7.4.3�,
∑

j2S pij(t) = 1§=

1� pii(t) =
∑
j 6=i

pij(t)

�

lim
t!0

1� pii(t)
t

= lim
t!0

∑
j 6=i

pij(t)

t

=
∑
j 6=i

lim
t!0

pij(t)

t

=
∑
j 6=i

qij < +1
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~~~ 7.4.6 (PoissonL§)dPoissonL§�1��½Â

�

pk;k+1(h)=PfN(t+ h)�N(t) = 1jN(t) = kg
=�h+ o(h)

pk;k(h)=PfN(t+ h)�N(t) = 0jN(t) = kg
=1� �h+ o(h)

Ïd§

lim
h!0

1� pkk(h)
h

= qkk = �

lim
h!0

pk;k+1(h)

h
= qk;k+1 = �


