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� 8.1 'u�ÅiÄ�È©
� 8.2 'uBrown$Ä�È©

� 8.3 ItôÈ©L§

� 8.4 Itôúª

� 8.5 �Åá©�§
� 8.5 Black-Scholes�.
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�Ù�8�´Ú\'uBrown$Ä�È©§?ØÙ5

�¿�Ñ3�Å©Û97KÆ¥kX­áA^�Itôúª.

x8.1 '''uuu���ÅÅÅiiiÄÄÄ���ÈÈÈ©©©

·Çl?Ø'u{ü��ÅiÄ�È©m©.�X1; X2;

� � � ´Õá��ÅCþ§PfXi = 1g = PfXi = �1g = 1
2
§

-SnL«�A�iÄ

Sn = X1 +X2 + � � �+Xn
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·Ç�±ù�wù|Õá�ÅCþ§Xnè1ngú²Ù

Æ�(J(Xn = 1èI1�§Xn = �1èÑK1�). Fn =

�(X1; � � � ; Xn)(dfXi; 1 � i � ng)¤���ê)§è�±

n)è�¹ X1; � � � ; Xn�&E.-Bn´Fn�1�ÿ��ÅC

þS�§'X§L«1ngÙÆû¤eÙ5§K§�U|^

1n � 1g9±c�&E§
ØU|^1ngÙÆ�(J.u

´�û�n�ÂÃZnè

Zn =
nX
i=1

BiXi =
nX
i=1

Bi(Si � Si�1) =
nX
i=1

Bi∆Si

ùp∆Si = Si � Si�1; S0 = 0. ·Ç¡ZnèBn'''uuuSn���ÈÈÈ

©©©.
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N´wÑfZng´'uFn��§=éu¤k�n

E[Zn+1jFn] = Zn

AO/, E[Zn] = 0. d	§XJb½E[B2
n] <1§K

V ar[Zn] = E[Z2
n] =

nX
i=1

E[B2
i ]

¯¢þ§

Z2
n =

nX
i=1

B2
iX

2
i + 2

X
1�i<j�n

BiBjXiXj

25¿�X2
i = 1§XJi < j§KBi; Xi; BjÑ´Fj�1�ÿ

�§�XjÕáuFj�1§�

E[BiBjXiXj] = E[E[BiBjXiXjjFj�1]] = E[BiBjXiE(Xj)] = 0
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x8.2 '''uuuBrown$$$ÄÄÄ���ÈÈÈ©©©

�!½Â'uBrown$Ä�È©
R T

0 X(t)dB(t) (½{

Pè
R
XdB)§ùpfB(t)g´òëIOBrown$Ä§kû

èPèfWtg. Äk�Äò���Å�{üL§fX(t)g§
=X(t)´ò�{ü¼ê (Øù6uB(t)). d{ü¼ê�

½Â§�3[0; T ]�©�0 = t0 < t1 < � � � < tn = T9~

êc0; c1; � � � ; cn�1, ¦�

X(t) =

(
c0; XJt = 0

ci ; XJti < t � ti+1; i = 0; 1; � � � ; n� 1
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½L«è

X(t) = c0I0(t) +
n�1X
i=0

ciI(ti;ti+1](t) (8.2.1)

u´§�½ÂÙÈ©èZ T

0

X(t)dB(t) =
n�1X
i=0

ci[B(ti+1)�B(ti)] (8.2.2)

dBrown$Ä�ÕáOþ5��§úª(8.2.2)¤½Â�È

©´Gauss©Ù��ÅCþ§Ùþ�è0§��è
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V ar(

Z
XdB) = E

"
n�1X
i=0

ci(B(ti+1)�B(ti))

#2

= E

24n�1X
i=0

n�1X
j=0

cicj[B(ti+1)�B(ti)][B(tj+1)�B(tj)]

35
=

n�1X
i=0

n�1X
j=0

cicjE[(B(ti+1)�B(ti))(B(tj+1)�B(tj))]

=
n�1X
i=0

c2
i (ti+1 � ti)
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^�4���{�±òùò½Âí2�ò����Å¼

êX(t).�´·Çá½Â�´�ÅL§�È©§Ïdò{ü

¼ê¥�~êci^�ÅCþ�i5�O§¿á¦�i´Fti�ÿ�.

ùpFt = �fB(u); 0 � u � tg.u´,dBrown$Ä��5

��

E[�i(B(ti+1)�B(ti))jFti] = �iE[B(ti+1)�B(ti)jFti] = 0

Ïd

E[�i(B(ti+1)�B(ti))] = 0:
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½½½ÂÂÂ 8.2.1 �fX(t); 0 � t � Tg´ò�{ü�ÅL

§§ =�3[0; T ]�©�0 = t0 < t1 < � � � < tn = T§�

ÅCþ��1; �0; � � � ; �n�1¦� ��1´~ê§�iù6ufB(t); t �
tig§�Øù6ufB(t); t > tig§¿�

X(t) = ��1I0(t) +
n�1X
i=0

�iI(ti;ti+1](t) (8.2.3)

d�§ItôÈÈÈ©©©
R T

0 XdB½Â�Z T

0

X(t)dB(t) =
n�1X
i=0

�i(B(ti+1)�B(ti)) (8.2.4)
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{üL§�È©´ò��ÅCþ§÷veã5�.

(1) ���555 XJX(t); Y (t)´{üL§§KZ T

0

(�X(t)+�Y (t))dB(t) = �

Z T

0

X(t)dB(t)+�

Z T

0

Y (t)dB(t)

ùp�; �´~ê.

(2) Z T

0

I[a;b](t)dB(t) = B(b ^ T )�B(a _ 0)

Ù¥I[a;b](t)´«m[a; b]�«5¼ê, b^T := min(b; T ); a_
0 := max(a; 0).

(3) """þþþ���555 XJE[�i] < 1; (i = 0; 1; � � � ; n � 1)§

K

E[

Z T

0

X(t)dB(t)] = 0
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(4) ���ååå555 XJE[�2
i ] < 1; (i = 0; 1; � � � ; n � 1)§

K

E

�Z T

0

X(t)dB(t)

�2

=

Z T

0

E[X2(t)]dt

y²µ5�(1),(2)Ú(3)´{ü�§Öö�g1y�§ùp

�y²5�(4). |^ Cauchy-SchwarzØ�ª§��

E[j�i(B(ti+1)�B(ti))j] �
q
E(�2

i )E[B(ti+1)�B(ti)]2 <1
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u´

V ar[

Z T

0

XdB] = E

"
n�1X
i=0

�i(B(ti+1)�B(ti))

#2

=E

24n�1X
i=0

�i(B(ti+1)�B(ti)) �
n�1X
j=0

�j(B(tj+1)�B(tj))

35
=

n�1X
i=0

E[�2
i (B(ti+1)�B(ti))

2] +

2
X
i<j

E[�i�j(B(ti+1)�B(ti))(B(tj+1)�B(tj))](8.2.5)

dBrown$Ä�ÕáOþ5±9'u�i�b½§|^½

n1.5.7(1)§k

E[�i�j(B(ti+1)�B(ti))(B(tj+1)�B(tj))] = 0
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¤±§ª(8.2.5)¥���ò�è".dBrown$Ä��

5�§�

V ar[

Z T

0

XdB] =
n�1X
i=0

E[�2
i (B(ti+1)�B(ti))

2]

=
n�1X
i=0

E
�
E
�
�2
i (B(ti+1)�B(ti))

2jFti
��

=
n�1X
i=0

E
�
�2
iE
�
(B(ti+1)�B(ti))

2jFti
��

=
n�1X
i=0

E[�2
i ](ti+1 � ti)

=

Z T

0

E[X2(t)]dt:
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k
c¡�O�§·Çy3�±òþã�ÅÈ©�½Â

*Ð��ò���ÿ·A�ÅL§a.

½½½ÂÂÂ 8.2.2 �fX(t); t � 0g´�Å��§� * �A§X
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·Çò�ÅÈ©�½ÂUeãÚ½*Ð�V(0; T ):

Key Point: éééuuuV(0; T )???¿¿¿���¼¼¼êêêf§§§···ÇÇÇFFF"""ééé���òòò

���{{{üüü���ÅÅÅLLL§§§f�ng¦¦¦������ööö333²²²���¿¿¿ÂÂÂeeeååålllªªªuuu0§§§

===µµµ

E[

Z T

0

(f � �n)2dt]! 0:

Step 1: Äk§-h 2 Vk.§¿�éz�! 2 Ω, h(�; !)ë

Y.K�3{üL§f�ng§Ù¥

�n =
X
j

h(tj; !) � 1[tj;tj+1)(t) 2 V

¦��n!1û§éz�! 2 Ω§Z T

0

(h� �n)2dt! 0

Ïddk.Âñ½n�E[
R T

0 (h� �n)2dt]! 0.
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Step 2: Ùg§-h 2 Vk.§�±y²�3hn 2 Vk
.,�8! 2 Ω; 8n, hn(�; !)ëY, ¦�

E[

Z T

0

(h� hn)2dt]! 0 (8.2.6)

Step 3: ��§é?¿�f 2 V§�3k.�gn 2 V§¦�

E[

Z T

0

(f(t; !)� gn(t; !))2dt]! 0 (8.2.7)

Step 4: éu?¿f 2 V§·ÇU
é�Step 1-3¥

�gn; hn; �n§¦�

E[

Z T

0

(f(t; !)� �n(t; !))2dt] � E[

Z T

0

(f(t; !)� gn(t; !))2dt]

+E[

Z T

0

(gn(t; !)� hn(t; !))2dt] + E[

Z T

0

(hn(t; !)� �n(t; !))2dt]

! 0



18/50

kJ Ik

J I

GoBack

FullScreen

Close

Quit

þþþ¡¡¡Step 1 - 3���[[[!!!£££


)))ÒÒÒ���±±±¤¤¤ ¯¢þ§Ø

��jh(t; !)j �M;8(t; !). ½Â

hn(t; !) =

Z t

0

 n(s� t)h(s; !)ds

ùp n´Rþ�KëY¼ê§¦�é¤k�x =2 (�1
n
; 0),

 n(x) = 0�
R1
�1 n(x)dx = 1. Kéz�! 2 Ω, hn(�; !)ë

Y�jhn(t; !)j �M . dh 2 V�±wÑhn 2 V, ¿�
�n!1û§éz�! 2 Ω,kZ T

0

(hn(s; !)� h(s; !))2ds! 0

Ïd2g|^k.Âñ½n�ª(8.2.6).
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þþþ¡¡¡Step 1 - 3���[[[!!!



20/50

kJ Ik

J I

GoBack

FullScreen

Close

Quit

y3§·Ç�±�¤ItôÈ©
R T

0 f(t)dB(t); f 2 V�½
ÂXe.

½½½ÂÂÂ 8.2.3 �f 2 V(0; T )§Kf�ItôÈ©½Â�Z T

0

f(t; !)dBt(w) = lim
n!1

Z T

0

�n(t; !)dBt(!); (L2(P )¥4�)

(8.2.8)

ùpf�ng´Ð��ÅL§�S�§¦��n!1�,

E

�Z T

0

(f(t; !)� �n(t; !))2dt

�
! 0: (8.2.9)

5µ3¢S¯K¥§·Ç~~���L§¿Ø÷vV¥
��È5^�
==÷veã�V�¥�^�.¯¢þ§ItôÈ

©�½Â�±í2��2��L§fh(s) : s � 0g a:

V� =
n
h : hèF·AL§§�÷v

R T
0 h2(s)ds <1; a:s:

o
:
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~~~ 8.2.4 �f´ëY¼ê§�Ä
R 1

0 f(B(t))dB(t). Ï

�B(t)këY�´»§¤±f(B(t))è3[0; 1]þëY, l
R 1

0 f(B(t))dB(t)k½Â. ,
�âf�ØÓ§ù�È©�±

k(½vk)k��Ý. ~Xµ

(1)�f(t) = t,Kdu
R 1

0 E[B2(t)]dt <1; E[
R 1

0 B(t)dB(t)] =

0¿�d5�8.2.1(3) � (4)k

E

�Z 1

0

B(t)dB(t)

�2

=

Z 1

0

E[B2(t)]dt =
1

2

(2) �f(t) = et
2
§d��Ä

R 1

0 e
B2(t)dB(t). �,È©�

3§�du�t � 1
4
�, E[e2B2(t)] =1§¤±

R 1

0 E[e2B2(t)]dt =

1§=
R 1

0 E[f2(B(t))]dt < 1Ø¤á.`²È©���ÝØ

�3.
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~~~ 8.2.5 ¦È©J =
R 1

0 tdB(t)�þ����.

Ïè
R 1

0 t
2dt < 1§�t´Ft = �fB(s); 0 � s � tg·

A�, ¤±ItôÈ©J´·½�¿�Ùþ�èE[J ] = 0, ��

èE[J2] =
R 1

0 t
2dt = 1

3
.

~~~ 8.2.6 �O¦�È©
R 1

0 (1 � t)��dB(t)·½���

�.

Ïè�á
R 1

0 (1� t)�2�dt <1§þãItôÈ©Ò·½, ¤

±�á� < 1
2
=�.
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ò��¹eÙK$Ä�ÅÈ©´ò��ÅCþ§÷ve

ã5�. (1) ���555555Z T

0

(�X(t)+�Y (t))dB(t) = �

Z T

0

X(t)dB(t)+�

Z T

0

Y (t)dB(t)

(2) Z T

0

I[a;b](t)dB(t) = B(b ^ T )�B(a _ 0)

(3) """þþþ���555

E[

Z T

0

X(t)dB(t)] = 0

(4) ���ååå555 XJX 2 V(0; T ), K

E

�Z T

0

X(t)dB(t)

�2

=

Z T

0

E[X2(t)]dt
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x8.3 ItôÈÈÈ©©©LLL§§§

b�é?¿¢êT > 0§X 2 V�§@o8t � T§È

©
R t

0 X(s)dB(s)´·½�. Ïèé?¿�½�t§
R t

0 X(s)dB(s)´

ò��ÅCþ§¤±�èþ�t�¼ê§§½Â
ò��Å

L§fY (t)g,Ù¥

Y (t) =

Z t

0

X(s)dB(s) (8.3.1)

�±y²§ItôÈ©Y (t)�3ëY���´»§=�3ò�

ëY�ÅL§fZ(t)g§¦�é¤k� t§kY (t) = Z(t); a:s:.Ï

d§ly3å·Ç¤?Ø�È©Ñb½´ÙëY���´

».�!ò?ØùòÈ©L§��«�Å5�.
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y3·Ç�±y²Ù�5�.

½½½nnn 8.3.1 �X(t) 2 V�§¿�
R1

0 E[X2(s)]ds <1§
K

Y (t) =

Z t

0

X(s)dB(s); 0 � t � T

´"þ��ëY�²��È�(=supt�T E[Y 2(t)] <1).

y²µd½Â8.2.3�5§��Y (t) =
R t

0 X(s)dB(s); 0 �
t � T´·½�§¿�äkò�9��Ý.XJfX(t)g´{ü
L§§Kdª(8.2) �Ó��y²�{��

E

�Z t

s

X(u)dB(u)jFs
�

= 0; 8s < t
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u´

E[Y (t)jFs] =E

�Z t

0

X(u)dB(u)jFs
�

=

Z s

0

X(u)dB(u) + E

�Z t

s

X(u)dB(u)jFs
�

=

Z s

0

X(u)dB(u) = Y (s)

¤±fY (t)g´�. d�å5��Ù��Ý

E

�Z t

0

X(s)dB(s)

�2

=

Z t

0

E[X2(s)]ds
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íííØØØ 8.3.2 é?¿k.�Borel�ÿ¼êf(=é?

¿a 2 R§k fx 2 R; f(x) � ag 2 B(R)),
R t

0 f(B(s))dB(s)´

²��È�.

y²µX(t) = f(B(t))´�ÿ·A�, ¿�k~êK >

0¦�jf(x)j < K, u´
R T

0 E[f2(B(s))]ds � KT . d½

n8.3.1, d·K�y.

þã½nJø
�E���{. 38.2!¥·Ç®²y

²§��Å�{üL§� ItôÈ©´��©Ù��ÅCþ.

�ò�/§·Çkeã½n.
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½½½nnn 8.3.3 XJX´��Å�§�
R T

0 X2(s)ds <1§
K8t, Y (t) =

R t
0 X(s)dB(s)´��©Ù��ÅCþ.=fY (t); 0 �

t � Tg´GaussL§§Ùþ�¼ê�"§���¼ê�

Cov(Y (t); Y (t+ u)) =

Z t

0

X2(s)ds; u � 0

fY (t)g�´²��È�.
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y²µÏè�È¼ê´��Å�§¤±
R t

0 E[X2(s)]ds =R t
0 X

2(s)ds <1. d½n8.3.1 �Yäk"þ�§2dÈ©

9Y (t)��5�§k

E

�Z t

0

X(s)dB(s)

Z t+u

t

X(s)dB(s)

�
=E

�
E

�Z t

0

X(s)dB(s)

Z t+u

t

X(s)dB(s) j Ft
��

=E

�Z t

0

X(s)dB(s)E

�Z t+u

t

X(s)dB(s) j Ft
��

= 0
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Ïd

Cov(Y (t); Y (t+ u))

=E

�Z t

0

X(s)dB(s)

Z t+u

0

X(s)dB(s)

�
=E

�Z t

0

X(s)dB(s)

�Z t

0

X(s)dB(s) +

Z t+u

t

X(s)dB(s)

��
=E

�Z t

0

X(s)dB(s)

�2

=

Z t

0

E[X2(s)]ds

=

Z t

0

X2(s)ds (8.3.2)

~~~ 8.3.4 �âþã½n��J =
R t

0 sdB(s) � N(0; t
3

3
).
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e¡?ØItôÈ©��gC�.

½½½ÂÂÂ 8.3.5 �Y (t) =
R t

0 X(s)dB(s); 0 � t � T´ItôÈ

©§XJ3ùVÇÂñ�¿Âe§4�

lim
�n!0

n�1X
i=0

jY (tni+1)� Y (tni )j2 (8.3.3)

�ftni gni=0H�[0; t]�©�§�Ù� �n = max0�i�n�1(tni+1 �
tni )! 0��3§K¡d4��Y����gggCCC���§P�[Y; Y ](t).

½½½nnn 8.3.6 �Y (t) =
R t

0 X(s)dB(s); 0 � t � T´ItôÈ

©§KY��gC��

[Y; Y ](t) =

Z t

0

X2(s)ds (8.3.4)
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y²µÄk�ÄfX(s)gè{üL§��/§éò��
/§·Ç�±^{üL§%C��{��, ¤±ùp·Ç�

y²fX(s)gè{üL§��/. Ø�b½X(s)3[0; T ]þ�

�ü�ØÓ��, �?¿k�õ����/�aqy�.è

{üå�§�T = 1§X(t)3[0; 1=2]þ��0§3(1=2; 1]þ

��1§=

X(t) = �0I[0;1
2
](t) + �1I(1

2
;1](t)

u´

Y (t) =

Z t

0

X(s)
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Ïd§é[0; t]�?Û©�§k

Y (tni+1)�Y (tni ) =

(
�0(B(tni+1)�B(tni )); XJ tni < tni+1 �

1
2

�1(B(tni+1)�B(tni )); XJ 1
2
� tni < tni+1

�t � 1
2
û§

[Y; Y ](t) = lim
n�1X
i=0

(Y (tni+1)� Y (tni ))
2

= �2
0 lim

n�1X
i=0

(B(tni+1)�B(tni ))
2

= �2
0[B;B](t) = �2

0t =

Z t

0

X2(s)ds
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�t > 1
2
û§

[Y; Y ](t) = lim
n�1X
i=0

(Y (tni+1)� Y (tni ))
2

= �2
0 lim

X
ti<

1
2

(B(tni+1)�B(tni ))
2 + �2

1 lim
X
ti>

1
2

(B(tni+1)�B(tni ))
2

= �2
0[B;B](

1

2
) + �2

1[B;B]((
1

2
; t]) =

Z t

0

X2(s)ds

ùp�4�Ñ´��n! 0û3ùVÇÂñ¿Âe�4�.
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é'uÓò�Brown$ÄfB(t)g�ü�ØÓ�ItôÈ

©Y1(t) =
R t

0 X1(s)dB(s)Ú Y2(t) =
R t

0 X2(s)dB(s)§d

uY1(t) + Y2(t) =
R t

0 (X1(s) + X2(s))dB(s)§·Ç�±½

ÂY1ÚY2����ggg���CCC���µ

[Y1; Y2](t) =
1

2
([Y1+Y2; Y1+Y2](t)� [Y1; Y1](t)� [Y2; Y2](t))

d½n8.3.6§k

[Y1; Y2](t) =

Z t

0

X1(s)X2(s)ds:
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x8.4 Itôúúúªªª

Itôúª§�Å©Û¥�CþO�úª½ó£{K§´

�Å©Û¥�ò�Ìáóä§Nõ­á�úª§~XDynkinú

ª§Feynman-Kacúª±9©ÜÈ©úª§Ñ´dItôú

ª�Ñ�.

ÏèBrown$Ä3[0; t]þ��gC�èt§=3ùVÇ

Âñ�¿Âe

lim
�n!0

n�1X
i=0

(B(tni+1)�B(tni ))
2 = t

ùpftni g´[0; t]�©�§�n = max0�i�n�1(tni+1 � tni ).
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y²µÄk��ni = B(tni )§dg�ëY5ÚÈ©�½Â§

k

n�1X
i=0

g(B(tni ))(t
n
i+1 � tni )!

Z t

0

g(B(s))ds (8.4.2)

·Çy²

n�1X
i=0

g(B(tni ))(B(tni+1)�B(tni ))
2�

n�1X
i=0

g(B(tni ))(t
n
i+1�tni )! 0

(8.4.3)

3L2¥¤á. P∆Bi = B(tni+1) � B(tni ), ∆ti = tni+1 � tni§
KdBrown$Ä�ÕáOþ5Ú�^�Ï"��{��



39/50

kJ Ik

J I

GoBack

FullScreen

Close

Quit

E

"
n�1X
i=0

g(B(tni ))((∆Bi)
2 �∆ti)

#2

=E

"
E

 
n�1X
i=0

g2(B(tni ))((∆Bi)
2 �∆ti)

2jFti

!#

=E

"
n�1X
i=0

g2(B(tni ))E
�
((∆Bi)

2 �∆ti)
2jFti

�#

= 2E

"
n�1X
i=0

g2(B(tni ))(∆ti)
2

#

� 2�nE[
n�1X
i=0

g2(B(tni ))∆ti]! 0; (��n! 0û)
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Ïd§3þ�Âñ�¿Âe

n�1X
i=0

g(B(tni ))((∆Bi)
2 �∆ti)! 0

ù�§
Pn�1

i=0 g(B(tni ))(B(tni+1)�B(tni ))
2�Pn�1

i=0 g(B(tni ))(t
n
i+1 � tni )k�Ó�4�

R t
0 g(B(s))ds.

é?¿�ni 2 (B(tni+1); B(tni ))§��n! 0û§

n�1X
i=0

(g(�ni )� g(B(tni )))(∆Bi)
2

�max
i

((g(�ni )� g(B(tni )))
n�1X
i=0

(B(tni+1)�B(tni ))
2

(8.4.4)
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dgÚB�ëY5§·Çk maxi((g(�ni )�g(B(tni )))! 0; a:s:.

dBrown$Ä�gC��½Â�
Pn�1

i=0 (B(tni+1)�B(tni ))
2 !

t.

u´��n ! 0û§
Pn�1

i=0 (g(�ni ) � g(B(tni )))(∆Bi)�./F106 21.01921.6E6 15.3997 Tf 15.172 -7.764 Td [(!)]TJ/F106 249997 Tf 29.868 07Td [(0)]TJ/F68 217.9997 Tf 8.441 �½� §
Pn�1

i!
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y3§·Ç�ÑItôúª.

½½½nnn 8.4.2 XJf´�gëY��¼ê§Ké?Ût§

k

f(B(t)) = f(0) +

Z t

0

f 0(B(s))dB(s) +
1

2

Z t

0

f 00(B(s))ds

(8.4.5)

y²µ´�ª(8.4.5)¥�È©Ñ´·½�.�[0; t] �©

�ftni g§k

f(B(t)) = f(0) +
n�1X
i=0

[f(B(tni+1))� f(B(tni ))]

éf(B(tni+1))� f(B(tni ))A^Taylorúª�
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f(B(tni+1))� f(B(tni )) = f 0(B(tni ))(B(tni+1)�B(tni ))

+
1

2
f 00(�ni )(B(tni+1)�B(tni ))

2

Ù¥�ni 2 (B(tni+1); B(tni )).u´

f(B(t)) = f(0) +
n�1X
i=0

f 0(B(tni ))(B(tni+1)�B(tni )) +

1

2

n�1X
i=0

f 00(�ni )(B(tni+1)�B(tni ))
2 (8.4.6)

-�n ! 0�4�§Kª(8.4.6)¥�1ò�ÚÂñuItôÈ

©
R t

0 f
0(B(s))dB(s).|^½n8.4.1��ª(8.4.6)¥�1

��ÚÂñu
R t

0 f
00(B(s))ds.
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ª(8.4.5)¡èBrown$Ä�Itôúª§ddwÑ§Brown$

Ä�¼ê�±L«èò�ItôÈ©\þò�äkk.C��

ýéëYL§.·Ç¡ùaL§èItôL§§î�/§·Çk

e¡½Â.

½½½ÂÂÂ 8.4.3 XJL§fY (t); 0 � t � Tg�±L«�

Y (t) = Y (0) +

Z t

0

�(s)ds+

Z t

0

�(s)dB(s); 0 � t � T

(8.4.7)

Ù¥L§f�(t)gÚf�(t)g÷v
(1) �(t)´·A�¿�

R T
0 j�(t)jdt <1; a:s:

(2) �(t) 2 V�.
K¡fY (t)g�ItôLLL§§§.
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kû·ÇèòItôL§(8.4.7)Pèá©�/ª

dY (t) = �(t)dt+ �(t)dB(t); 0 � t � T (8.4.8)

Ù¥¼ê�(t)¡è¤£Xê,�(t)¡è*ÑXê,§Ç�±

ù6uY (t)½B(t)§$���´»fB(s); s � tg§ (~

X�(t) = cos(M(t) + t)§ùp M(t) = maxs�tB(s). òa

�~­á��/´���(t) ==ÏLY (t)ù6ut§3ù«

�¹e§ª(8.4.8)AU�è

dY (t) = �(Y (t))dt+�(Y (t))dB(t); 0 � t � T (8.4.9)

XJ^á©/ªL«§Itôúª(8.4.5)Cè

d(f(B(t)) = f 0(B(t))dB(t) +
1

2
f 00(B(t))dt (8.4.10)
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37KA^¥§�¦�d�S(t)´^�Åá©�§dS(t) =

�S(t)dt+�S(t)dB(t)£ã�.XJa(t)L«3û�tÝ]ö�

�¦��ÂÃ§@o3��ûm«m[0; T ]S�ÂÃèZ T

0

a(t)dS(t) = �

Z T

0

a(t)S(t)dt+ �

Z T

0

a(t)S(t)dB(t)

e¡½n�Ñ
'uItôL§�Itôúª
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½½½nnn 8.4.5 �fX(t)g´d

dX(t) = �(t)dt+ �(t)dB(t)

�Ñ�ItôL§§g(t; x)´[0;1) � Rþ��gëY��¼
ê.K

fY (t) = g(t;X(t))g

E�ItôL§§¿�

dY (t) =
@g

@t
(t;X(t))dt+

@g

@x
(t;X(t))dX(t)

+
1

2

@2g

@x2
(t;X(t)) � (dX(t))2 (8.4.11)

Ù¥(dX(t))2 = (dX(t)) � (dX(t))Uìe¡5KO�µ

dt � dt = dt � dB(t) = dB(t) � dt = 0; dB(t) � dB(t) = dt
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=(8.4.11)�±U��

dY (t) =

�
@g

@t
(t;X(t)) +

@g

@x
(t;X(t))�(t)

�
dt+

@g

@x
(t;X(t))�(t)dB(t) +

1

2

@2g

@x2
(t;X(t))�2(t)dt

AO/§XJg(t; x) = g(x)�´x�¼ê§(8.4.12){

z�

dY (t) = [g0(X(t))�(t)+
1

2
g00(X(t))�2(t)]dt+g0(X(t))�(t)dB(t)

(8.4.12)
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~~~ 8.4.6 áÏ|Ç�.£ Vasicek model ¤dXe

��§�Ñ

dRt = a(b�Rt)dt+ �dBt; R0 = r:

|^ITOúªO�d(Rteat)§¿)ÑRt.


