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§4.1 ÄÄÄ���VVVggg���555���

·Çl?Ø{ü��ÅiÄm©.�k��âf3��

þ�ÅiÄ§3z�ü �mS��U/��½�m£Ä�

�ü ��Ý. y3\�ù�L§§3�5����mm�

¥r�5���Úf. eU±�(��ªªu4�§·ÇÒ

��Brown$Ä. �[/`Ò´-dL§z��t�m�V

Ç/��½�m£Ä�x�ål. XJ±X
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�b�Ãξi�pÕá

P{ξi = 1} = P{ξi = −1} =
1

2
duE[ξi] = 0, V ar[ξi] = E[ξ2

i ] = 19(4.1.1)§·Çk

E[X(t)] = 0, V ar[X(t)] = (�x)2[t/�t].

y3�-�xÚ�tªu"§¿¦�4�k¿Â.

•XJ��x = �t§-�t → 0§KV ar[X(t)] → 0§l


X(t) = 0, a.s..

•XJ��t = (�x)3§KV ar[X(t)] → ∞§ù´ØÜn
�. Ïèâf�$Ä´ëY�§Ø�U3éá�mS�

lÑu:.

•Ïd§·Ç�e¡�b�µ-�x = σ
√

�t§ σè,�

�~ê§lþ¡�?Ø��§��t → 0�§E[X(t)] =

0, V ar[X(t)]→ σ2t.
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e¡5wù�4�L§��
�*5�.dª(4.1.1)9

¥%4�½n��µ

(1)X(t)Ñlþ�è0,��èσ2t���©Ù.

d	§du�ÅiÄ��3Ø�­U��m«m¥�C

z´Õá�§¤±k

(2){X(t), t ≥ 0}kÕáOþ.

qÏè�ÅiÄ3?��m«m¥� �Cz�©Ù�

�6u«m��Ý§��

(3){X(t), t ≥ 0}k²­Oþ.
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e¡·ÇÒ�ÑBrown$Ä�î�½Â.

½½½ÂÂÂ 4.1.1 �ÅL§{X(t), t ≥ 0}XJ÷vµ
(1) X(0) = 0;

(2) {X(t), t ≥ 0}k²­ÕáOþ¶
(3) éz�t > 0, X(t)Ñl��©ÙN(0, σ2t).

K¡{X(t), t ≥ 0}�Brown$$$ÄÄÄ§è¡�WienerLLL§§§.

~P�{B(t), t ≥ 0} ½ {W (t), t ≥ 0}.

XJσ = 1§·Ç¡�èIOBrown$Ä§XJσ 6= 1§

K��Ä{X(t)/σ, t ≥ 0}§§´IOBrown$Ä.�Ø��

�5§�±��ÄIOBrown$Ä��/.

duù�½Â3A^¥Ø´�©�B§·ÇØ\y²/

�Ñe¡�5��èBrown$Ä��d½Â§Ùy²�±

3Nõ�ÅL§�Í�¥é�.
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555���7.1.1 Brown$Ä´äkeã5���ÅL§{B(t), t ≥
0}.

(1) (��Oþ)B(t)−B(s) ∼ N(0, σ2(t−s))§=B(t)−
B(s)Ñlþ�è0,��èσ2(t − s)���©Ù. �s = 0�§

B(t)−B(0) ∼ N(0, σ2t).

(2) (ÕáOþ)B(t)−B(s)ÕáuL§�L�
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(4.1.2)ªUìe¡�½Â?? ¡èBrown$Ä����mmmàààggg

555.d5��`²§Bx(t)Úx+B0(t)´�Ó�§·Ç�Iï

Ä©u0� Brown$ÄÒ�±
§XØ\`²§Brown$

ÄÒ´©u0�Brown$Ä.
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nnn!!!ëëëBBBLLL§§§���©©©ÙÙÙ

•ë©ÙµB(t) ∼ N(0, σ2 ∗ t);
•Oþ©ÙµB(t)−B(s) ∼ N(0, σ2|t−s|);�t > s,ÏB(0) =

0,�B(t)´²­ÕáOþL§§� B(t)−B(s) = B(t−
s + s) − B(s) � B(t − s) − B(0) = B(t − s) �Ó©
ÙN(0, σ2(t− s)).

ÚÚÚnnn 4.1.2 �BL§´��L§.

Proof �ëBL§{B(t), t ≥ 0}�ëê´σ2, ?�n9t1 <

t2 < · · · < tn,

Xk = B(tk)−B(tk−1), t0 = 0, k = 1, 2, · · · , n

K Xk ∼ N(0, σ2(tk − tk−1)), ��pÕá§k

B(tk) = X1 +X2 + · · ·+Xk



12/41

‖J I‖

J I

GoBack

FullScreen

Close

Quit

→


B(t1)

B(t2)
...

B(tn)

 =



1 0 0 0 0

1 1 0 0 0

1 1 1 0 0
... ... ... ... ...

1 1 1 1 1




X1

X2

...

Xn


���������ÅÅÅ���þþþ������555CCC���ÑÑÑlll������©©©ÙÙÙ.
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ooo!!!ëëëBBBLLL§§§���êêêiiiAAA���

• E{B(t)} = 0;

• RB(s, t) := E(B(s)B(t)) = σ2min(s, t)

~~~ 4.1.3 �{B(t), t ≥ 0}´ëê�σ2 ��BL§§¦

e�L§�þ�¼êÚ�'¼ê"

• X(t) = B2(t), t ≥ 0;

• X(t) = tB(1/t), t > 0

Proof 1)

mX(t) =E[X(t)] = E[B2]

=D[B(t)] + {E[B(t)]}2 = σ2t.
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RX(s, t) =E[X(s)X(t)] = E[B2(s)B2(t)]

=E{B2(s)[B(t)−B(s) +B(s)]2} (s < t)

=E{B2(s)[B(t)−B(s)]2}+ E[B4(s)]

+2E{B3(s)[B(t)−B(s)]}
=E[B2(s)]E{[B(t)−B(s)]2}+ E[B4(s)]

=σ2Sσ2(t− s) + 3σ4s2 = σ4(st+ 2s2)

�

RX(s, t) = σ4(st+ 2min2(s, t))

Ù¥Ï B(t) ∼ N(0, σ2t);

B(t)−B(s) ∼ N(0, σ2|t− s|)

,Ï: eX ∼ N(0, σ2),k
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E(Xn) =

{
0, n = 1, 3, 5, · · · ;
σn(n− 1)(n− 3) · · · 1, n = 2, 4, 6, · · · .

2)

mX(t) =E[X(t)] = tE

[
B

(
1

t

)]
= 0, t > 0

RX(s, t) =E

[
sB

(
1

s

)
∗ tB

(
1

t

)]
= stE

[
B(

1

s
)B(

1

t
)

]
= stσ2min

(
1

s
,
1

t

)
= σ2min(s, t).
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e¡�Ñ'uBrwon$Ä�VÇO��~f.

~~~ 4.1.4 �{B(t), t ≥ 0}´IOBrown$Ä§O�

P{B(2) ≤ 0}Ú P{B(t) ≤ 0, t = 0, 1, 2}.

))) duB(2) ∼ N(0, 2)§¤±P{B(2) ≤ 0} = 1
2
.Ï

èB(0) = 0§¤±P{B(t) ≤ 0, t = 0, 1, 2} = P{B(t) ≤
0, t = 1, 2} = P{B(1) ≤ 0, B(2) ≤ 0}. �,B(1)ÚB(2)Ø

´Õá�§�d5�7.1.1(2)Ú(3)��B(2)−B(1)�B(1)´

�pÕá�IO��©Ù�ÅCþ§u´|^©)ª

B(2) = B(1) + (B(2)−B(1))

·Çk
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P{B(1) ≤ 0, B(2) ≤ 0}
=P{B(1) ≤ 0, B(1) + (B(2)−B(1)) ≤ 0}
=P{B(1) ≤ 0, B(2)−B(1) ≤ −B(1)}

=

∫ 0

−∞
P{B(2)−B(1) ≤ −x}φ(x)dx

=

∫ 0

−∞
�(−x)d�(x)

ùp�Úφ©OL«IO��©Ù�©Ù¼êÚóÝ¼ê.d

È©CþO�úª�∫ ∞
0

�(x)φ(−x)dx =

∫ ∞
0

�(x)d�(x) =

∫ 1

1
2

ydy =
3

8



18/41

‖J I‖

J I

GoBack

FullScreen

Close

Quit

eee¡¡¡´́́Brown$$$ÄÄÄ���´́́»»»555���.

l��0���TéBrown$Ä��g*	¡èBrown$

Ä3«m[0, T ]þ���´́́»»»½��¢¢¢yyy. Brown$Ä�A

�¤k��´»B(t), 0 ≤ t ≤ TÑäkeã5�µ
(1) ´t�ëY¼ê¶

(2) 3?¿«m(ÃØ«mõo�)þÑØ´üN�;

(3) 3?¿:ÑØ´�á�¶

(4) 3?¿«m(ÃØ«mõo�)þÑ´Ã�C��;

(5) é?¿t§3[0, t]þ��gC��ut.

þã5�(1)∼(3)ØJn)§(4)�±l(5)��(3�

SK).
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è
?ØBrown$Ä�´»5�§Äk�Ñ�gC�

�½Â.

½½½ÂÂÂ 4.1.5 Brown$Ä��gC�[B,B](t) ½Â�

�{tni }ni=0H�[0, t]�©�§�Ù�δn = max0≤i≤n−1(tni+1 −
tni )→ 0 û§ùVÇÂñ¿Âe�4�

[B,B](t) := lim
δn→0

n−1∑
i=0

|B(tni+1)−B(tni )|2 (4.1.3)

½½½nnn 4.1.6 [B,B](t) = σ2t.

y²µ�«m[0, t]�©�{tni }ni=0¦�
∑

n δn <∞.P

Sn =
n−1∑
i=0

[B(tni+1)−B(tni )]
2
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K

E[Sn] =
n−1∑
i=0

E[B(tni+1)−B(tni )]
2 = σ2

n−1∑
i=1

(tni+1−tni ) = σ2t.

2dIO��©Ù�o�Ýúª§�

V ar[Sn] = V ar[
n−1∑
i=0

(B(tni+1)−B(tni ))
2]

=
n−1∑
i=0

V ar[(B(tni+1)−B(tni ))
2]

=
n−1∑
i=0

2σ4(tni+1 − tni )2 ≤ 2σ4 max(tni+1 − tni )t = 2σ4tδn

→ 0 .

u´kSn − t→ 0, a.s.§�[B,B](t) = σ2t.
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~~~ 4.1.7 �{B(t)}´Brown$Ä§¦B(1) + B(2) +

B(3) +B(4)�©Ù.

)µ�Ä�Å�þX = (B(1), B(2), B(3), B(4))′§KXÑ

lõ���©Ù§�äk"þ�Ú���Ý


Σ =


1 1 1 1

1 2 2 2

1 2 3 3

1 2 3 4


-A = (1, 1, 1, 1)§K

AX = X1 +X2 +X3 +X4 = B(1) +B(2) +B(3) +B(4)

äkþ�è"§��èAΣA′ = 30���©Ù.u´B(1) +

B(2) +B(3) +B(4)´Ñlþ�è0,��è30���©Ù.
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~~~ 4.1.8 ¦B(1
4
) +B(1

2
) +B(3

4
) +B(1)�©Ù.

)µ�Ä�Å�þY = (B(1
4
), B(1

2
), B(3

4
), B(1))′. ´

�§ Y�þ~¥�Xäk�Ó��/. ¤±§����Ý


è1
4
�. Ïd AY = B(1

4
) + B(1

2
) + B(3

4
) + B(1) Ñlþ�

è0,��è30
4
���©Ù.
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~~~ 4.1.9 ¦VÇP{
∫ 1

0 B(t)dt > 2√
3
}.

)µÄkI��Ñ�´§Brown$ÄäkëY´»§¤

±éz�´»5`, RiemannÈ©
∫ 1

0 B(t)dt �3. ·Ç

�IéÑ
∫ 1

0 B(t)dt�©Ù.dRiemannÈ©�½Â§·Ç�

±l%CÚ
∑
B(ti)�ti �4�©Ù��. ùpti´[0, 1]�

©:§�ti = ti+1 − ti. ~X�ti = i
n
§�n = 4�§%C

Ú=èþ~¥��ÅCþ.��/§aq/y²§¤k%C

Ú�©ÙÑ´"þ����©Ù§Ïd§Ç�4�©Ù´

��©Ù.u´
∫ 1

0 B(t)dt�´"þ����©Ù.e¡5O

�
∫ 1

0 B(t)dt���.
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V ar

[∫ 1

0

B(t)dt

]
=Cov

[∫ 1

0

B(t)dt,

∫ 1

0

B(s)ds

]
=E

[∫ 1

0

B(t)dt

∫ 1

0

B(s)ds

]
=

∫ 1

0

∫ 1

0

E[B(t)B(s)]dtds

=

∫ 1

0

∫ 1

0

Cov[B(t)B(s)]dtds

=

∫ 1

0

∫ 1

0

min(t, s)dtds =
1

3

ù�,
∫ 1

0 B(t)dt ∼ N(0, 1
3
). u´¤¦VÇè

P

{∫ 1

0

B(t)dt >
2
√

3

}
= P

{√
3

∫ 1

0

B(t)dt > 2

}
= 1−�(2)

ùp�(x)´IO��©Ù�©Ù¼ê.



27/41

‖J I‖

J I

GoBack

FullScreen

Close

Quit

§4.2 Brown$$$ÄÄÄ������555���

�!?Ø�Brown$Ä�éX�A��§Äk£Áë

Y��½Â.�ÅL§{X(t), t ≥ 0}¡è�§XJ∀t, E[|X(t)|] <
∞,�∀s > 0,k

E[X(t+ s)|Ft] = X(t), a.s. (4.2.1)

ùpFt = σ{X(u), 0 ≤ u ≤ t}´d{X(u), 0 ≤ u ≤ t})¤
�σ�ê§Ù¥��ª(4.2.1)´A�7,¤á�§3�¡k

'�y²¥§k���Ña.s.
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½½½nnn 4.2.1 �{B(t)}´IOBrown$Ä§K

(1){B(t)}´�¶
(2){B(t)2 − t}´�¶
(3)é?¿¢êu, exp{uB(t)− u2

2
t}´�.

y²µÄk§dB(t+ s)−B(t)�Ft�Õá5��é?
¿�ÿ¼êg(x)§k

E[g(B(t+s)−B(t))|Ft] = E[g(B(t+s)−B(t))] (4.2.2)

dBrown$Ä�½Â, B(t) ∼ N(0, t), ¤±B(t)�È,�E[B(t)] =

0, 2dÙ¦5��

E[B(t+ s)|Ft] =E[B(t) + (B(t+ s)−B(t))|Ft]
=E[B(t)|Ft] + E[B(t+ s)−B(t)|Ft]
=B(t) + E[B(t+ s)−B(t)] = B(t)
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l
(1)�y.

duE[B2(t)] = t <∞§¤±B2(t)�È.u´��

B2(t+ s) = [B(t) +B(t+ s)−B(t)]2

=B2(t) + 2B(t)[B(t+ s)−B(t)] + [B(t+ s)−B(t)]2

E[B2(t+ s)|Ft]
= B2(t)+2E[B(t)(B(t+s)−B(t))|Ft]+E[(B(t+s)−B(t))2|Ft]

= B2(t) + s (4.2.3)

ùp·Ç|^
B(t + s) − B(t)�Ft�Õá5�äkþ
�0§¿ég(x) = x2A^ª(4.2.2).3ª (4.2.3)üàÓ�

~�(t+ s)§K(2)�y.
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�ÄB(t) ∼ N(0, t)�Ý1¼êE[euB(t)] = etu
2/2 <∞§

ù%¹X euB(t)´�È�§¿�

E[euB(t)−u2

2
t] = 1

�g(x) = eux§|^ª(4.2.2)§��

E
[
euB(t+s)|Ft

]
=E

[
euB(t)+u(B(t+s)−B(t))|Ft

]
= euB(t)E

[
eu(B(t+s)−B(t))|Ft

]
= euB(t)E

[
eu(B(t+s)−B(t))

]
= euB(t)e

u2

2
s

üàÓ�¦±e−
u2

2
(t+s),K(3)�y.



31/41

‖J I‖

J I

GoBack

FullScreen

Close

Quit

555: þã½n¤��ù3��3nØþ�kX�©­�

�¿Â§'X�{B2(t)−t}Ò´ Brown$Ä�A�§=§X

JëY�{X(t)}¦�{X2(t)−t}�´�§K{X(t)}´Brown

$Ä.
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§4.3 Brown$$$ÄÄÄ������������CCCþþþ999������uuuÆÆÆ

±TxPIOBrown$ÄÄgÂ¥x���§=

Tx = inf{t > 0, B(t) = x}

�x > 0�§èO�P{Tx ≤ t}, ·Ç�ÄP{B(t) ≥ x}. d
�VÇúª

P{B(t) ≥ x} = P{B(t) ≥ x|Tx ≤ t}P{Tx ≤ t}
+ P{B(t) ≥ x|Tx > t}P{Tx > t} (4.3.1)

eTx ≤ t§KB(t)3[0, t]¥�,���Â¥x§dé¡5�

P{B(t) ≥ x|Tx ≤ t} =
1

2
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2dëY5��§B(t)Ø�U�ôÂ¥xÒ�ux§¤

±(4.3.1)¥12�è".Ïd

P{Tx ≤ t} = 2P{B(t) ≥ x}

=
2
√

2πt

∫ ∞
x

e−u
2/2tdu

=
2
√

2π

∫ ∞
x/
√
t

e−y
2/2dy (4.3.2)

dd��

P{Tx <∞} = lim
t→∞

P{Tx ≤ t} =
2
√

2π

∫ ∞
0

e−y
2/2dy = 1
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é©Ù¼ê¦�ê��Ù©ÙóÝ

fTx(u) =

 x√
2π
u−

3
2e−

x2

2u, XJ u > 0

0, XJ u ≤ 0
(4.3.3)
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|^ª(4.3.2)§�±��

E[Tx] =

∫ ∞
0

P{Tx > t}dt

=

∫ ∞
0

(
1−

2
√

2π

∫ ∞
x/
√
t

e−y
2/2dy

)
dt

=
2
√

2π

∫ ∞
0

∫ x/
√
t

0

e−y
2/2dydt

=
2
√

2π

∫ ∞
0

e−y
2/2dy

∫ x2/y2

0

dt

=
2x2

√
2π

∫ ∞
0

1

y2
0

e−y
2/2dy

≥
2x2e−1/2

√
2π

∫ 1

0

1

y2
dy

=∞
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Ïd§Tx�,A�7,´k��§�kÃ¡�Ï".�

*/w§Ò´Brown$Ä±VÇ1 ¬Â¥x§�§�²þ�

m´Ã¡�.5�P{Tx < ∞} = 1¡èBrown$Ä�~�

5. du©u:a�Brown$Ä�{a + B(t)}´�Ó�§ù
p{B(t)}´©u0�Brown$Ä§¤±

Pa{Tx <∞} = P0{Tx−a <∞} = 1

=Brown$Äl?¿:Ñu§Â¥x�VÇÑ´1.

�x < 0�§dé¡5§Tx�T−xk�Ó�©Ù.u´k

P{Tx ≤ t} =
2
√

2π

∫ ∞
|x|/
√
t

e−y
2/2dy

fTx(u) =

 −x√
2π
u−

3
2e−

x2

2u, u > 0

0, u ≤ 0
(4.3.4)
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,��k���ÅCþ´Brown$Ä3[0, t]¥���

��� M(t) = max0≤s≤tB(s)�©Ù�deã�ª��§

éx > 0k

P{M(t) ≥ x}=P{Tx ≤ t}
= 2P{B(t) ≥ x}

=
2
√

2π

∫ ∞
x/
√
t

e−y
2/2dy

ÖöØJ��Brown$Ä3[0, t]¥������m(t) =

min0≤s≤t{B(s)}�©Ù.
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§4.4 Brown$$$ÄÄÄ���AAA«««CCCzzz

§4.4.1 Brownxxx

dBrown$Ä§·Ç�±½Â,�a3ên7K¥²

~^��L§))BrownxL§.

½½½ÂÂÂ 4.4.1 �{B(t), t ≥ 0}´IOBrown$Ä.-

B∗(t) = B(t)− tB(1), 0 ≤ t ≤ 1

K¡�ÅL§{B∗(t), 0 ≤ t ≤ 1}�Brownx(Brown Bridge).
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ÏèBrown$Ä´GaussL§§¤±Brownx�´GaussL

§§Ùnë©Ùdþ�¼êÚ��¼ê��(½. �∀0 ≤
s ≤ t ≤ 1§k

E[B∗(t)] = 0

E[B∗(
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§4.4.2 AAAÛÛÛBrown$$$ÄÄÄ

dX(t) = eB(t), t ≥ 0 ½Â�L§{X(t), t ≥ 0}¡è
AÛBrown$Ä.duBrown$Ä�Ý1¼êèE[esB(t)] =

ets
2/2§¤±AÛBrown$Ä�þ�¼ê���¼ê©Oè

E[X(t)] =E[eB(t)] = et/2

V ar[X(t)] =E[X2(t)]− (E[X(t)])2

=E[e2B(t)]− et

= e2t − et

37K½|¥§<Ç²~b½�¦�d�UìAÛBrown$

ÄCz§3e¡�~f¥·ÇXdb½.
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~~~ 4.4.2 (���¦¦¦ÏÏÏ������ddd���)�,<Pk,«�¦�

��û��T§��d��K�îªwÞÏ�§=¦(¨)ä

k3û�T±�½�d�K	ïò�ù«�¦��å.b�

ù«�¦8c�d��y§¿UìAÛBrown$ÄCz§·

�O�Pkù�Ï��²þd�. �X(T )L«û�T��¦

d�§eX(T )puKû§Ï�ò�¢ñ§ÏdTÏ�3û

�T�²þd�A�

E[max(X(T )−K, 0)] =

∫ ∞
0

P{X(T )−K > u}du

=

∫ ∞
0

P{yeB(T ) −K > u}du

=

∫ ∞
0

P{B(T ) > log
K + u

y
}du

=
1

√
2πT

∫ ∞
0

∫ ∞
log[(K+u)/y]

e−x
2/2Tdxdu


